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% Path integral in QM
Y Functional formalism

Y Generating functionals
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|_Path integral in Quantum Mechanics |
Let us consider the classical double slit experiment
AP

K=l

M ¥
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_If we consider n-holes the
amplitude is given by

A=) A
=1

Sending n to infinity or
suppressing the scren B

c A= J’B A(x)dx

f = Difficult to evaluate A directly.
LY / « Insert m screens as B, each
=gl ~ with n-holes and considering

S ES T all the possible paths along
M2 the mxn holes. Equivalently
consider all the possible

| | | | paths between S and the

A ¢ detector at x.
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That is to say A= ZAC
C

with C’'s all the possible paths joining S and the detector at
X. But now they are decomposed in terms of infinitesimal
segments. So we need to calculate the amplitude for a
linear path joining any two infinitesimal close points.

Considering the one-dimensional case Dirac proved in his

book on quantum mechanics that such an amplitude is
given by

<q’,t + At | q,t) ~ """

with S the classical action evaluated along the segment
joining thr positions g at time t and g’'at time t'.

7
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In the 1- dim case, to
evaluate the
matrix element

|
l

______.1____________
|

:
e

i (q'.t'|q,t), t'>t,
. - qa(t)|q.t)=q|q.t),
| . g.1Y=e"|q,0)
q (11' =

we divide the interval (t,t') into infinitesimal pieces and

use the completeness relation in g-space
<q,,t, q,t>:

=lim | dg,--dq,_,(q".t

Nn—>o0

Qn—l ’tn—l > <qn—1 ’tn—l qn—2 ’tn—2> S <QI ’tl q3t>

t,=t+ke, t,=t, t =t

8
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Inserting the completeness in p-space

<Qk+1’tk+€‘Qk’tk>:J. dp<Qk+19tk+€ ‘p,f><p,f Qk»tk>

t, <t <ft,,,
<Qk+1 I T 6‘]?,?) = <Qk+1 vo‘e_iH(p,q)(tk%_;) ‘P,())

Ordering p and g inside H to the right and to the left
respectively and denoting the result by H+

<qk+1 I E‘p’;> = <Qk+1 ao‘P,0>e_iH+(p’Q)(fk+€—f>

we get,using f,,, =1 + 61
<Qk+19tk +€‘Pa?> = \/E €

9

{(PGr1—H, (Griy P )ty —1))
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In analogous way

(P :

qkatk>: \/Ee

where H.is defined bringing p and q to the left and to the
right respectively. Putting everything together and defining

i(—pgr—H_(q .p)t—1;))

tk+1+tk
2

<Qk+1atk +€‘Qk’t> = J

t

dp,
2T

eiG(P(ClkH —qi ) €e=H (G195 -P))

|
Hc(qk—l—l?Qk?p): E(H+(Qk+19p)+H—(Qkap))

Using <qk+1,tk +e\qk,t> ——0(q1,1 — 4;)

|0
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We define the “velocity”

g, = Qi1 — Y
€

and in the same limit we get
H (q..9,-p)=H(q,,p)

which is nothing but the Hamiltonian in phase space,
and

<Qk+1atk 'l'E‘Qk’t) = J.

dp 1L (dy-p)

, L(q,.p)=pq,—H(q,,p)
2T

the Dirac’s result.
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For a finite time interval

<q,,t,

or, In a more symbolic way

71 ijdtL(q,p)
(@' w'lq.0)= [ dug@pducpane”
d 44
duta)= [T dat”, du(poy=T] L
p2

assuming H(g,p)= FV(q)

2m

12




one can perform trivially the integration over the momenta
with the result

/ \n/n—l \
m
“t'|g.,t)=1lim I Id X
<q ‘q > n—>eo \\ 2i7l'€/ \ k=1 Qk/

n—1
i€ > [m(qs1—a)/€)* 12-V (q;))
Xe

Or, in a more symbolic way

t/

intL(q,q’)

@'’ |q.t) = fqi’t’D(q(t))e ", D(g(t))=lim

n— oo
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4 The mathematical setting for path integration is the
theory of functionals.

4 Function = mapping from a manifold M to R

4 Real functional = mapping from a
space of functions (infinite dimensional space) to R’

4 In other words, a real functional associate a real
number to a real function. If we denote the space of
functions by L, a real functional is the mapping

F: L—R

| 4
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To denote a functional we will make use of the following
notations

Flnl, F, F[], ne L
Examples of functionals:

1) L' the space of the integrable functions in R w. r. t. the
measure w(x) dx

Flm= [ dxw(on)

2) L% the space of the square integrable functions in R’

1 >
F,n]= e_EJ e
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The variation of F is then given by

F(n,+6n,)-F(n,)= Z
Definin
J x = L19F
- eon,
we get

BF(n ) 5n

F(1,+6n) - F(n,)= Y, K ,6n,c—=— | K(x)dn(x)dx,
j=1

SFIM= | K(x)3n(x)dx

nl(xl)"'nl(xk)

n=ny
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General properties of path integral

Al

Zzs Invariance of the functional measure ¢
under the following translations

dugt) =11 daq(o.

r<t<t’

(1) > qO+0@),  NO=1")=0 |dup)= ] dp(t)
p(1)—= p(t)+ (7)), for any 7(¢), m(¢+')"

S Factorization of the path integral (Completeness)

j Ld’L'+lJ Ldt

(@ ]a.1)= J” du(q)du(p)e e
qu"f du(q)du(p)e J-Qtd,ll(q)d,u(p)ejw =
_J-qu q ,t ‘q",t"><q",t"‘q,t>

du(g)=[] dgv)=dq" ] dq(z) | ] da(),

> t<t<t’ r<t<t" t"<r<t’
C

du(p)= 1] dpt)= 1] dpx) ] dp(z)

t<t<t' t<t<t" t"<t<t’
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Using these two properties it is possible to derive all the
quantum mechanical formalism. Now let us show how to
evaluate average values of the observables. Let us begin

with o .
th dU(Q)d.U(P)q(t")elS, <<

Using

J,, am@dupa) =g | " du@dupe” =4 (q' a1

we get
JZJ’ du(q)dp(p)g(t"e” =

=[dq"| " du@du(piae” [ dutg)du(p)e” =

— qun<q’,t’ q(tn) q,t>

q.1)={q’,t’

C]",t">q"<q",t"

|18
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Now let us study the average value of q(t1)q(t2) with
t<t <t, <t

By proceeding as before we will get the expectation value

f
’ q(t,)q(z,)
However, if t<t,<t <t" we get the expectation value of
q(z,)q(7,)

In conclusion we obtain

Li’t'du(q)du(p)e’sq(tl )q(t,) ={q’.t’'| T (q(t,)q(t,)|q.t)
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More generally

Li’t,du(q)du(p)e”q(tl)- q(t))={q’.t'|T(q(t,)--q(t,))|q,t)

Considering a functional admitting a Volterra’ series expansion

Li’t'du(q)du(p)e"SF[q] =(q’,t'|T(F[q])|q.t)

where we have defined

(¢’.t'|T(Flq])|g.t) =

8 F[q] |
“8q(t)---8q(t,)

(q’,'|T(q(t,) -q(t,)|g.t)

20




If the functional depends also on time derivatives a certain
caution in defining the T-product is necessary. Consider, for
instance, the product ¢g(z,)q(¢,)

Jqﬁ;,t,du(Q)du(p)eiSQ(tl)q.(tz):

qt, +¢)—q(t,) _ d <
€ dt,

—tim [ dp(@)du(p)e*q(s) 7' |T(a)a)]g.1)

Defining the T*- product as
. . d
7" (a1)4()) = ~T(a)q(z,))
2

the general result reads

21
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(Functional generator of Green'’s functions]

As we have seen, in order to evaluate the S-matrix elements
we need the T-products of fields (or Green functions). We
start evaluating T-products in 1-dim QM, equivalent to a field
theory in O space dim. The result is easily generalized to
many or infinite degrees of freedom (field theory). The way

will follow is to introduce a functional generating all the
Green functions:

4"

a.1), Jdu(g)du@)eﬂf

J pPg — H+Jq]

22

giovedi 12 luglio 2012



Differentiating the previous expression

g

we get

(q".t’ DR 1) =(1)n A (gt
! =0\ ) 8J(@,)---0J(t,)

But what we really need is the matrix elements of the
T-product in the fundamental state of the system (the

vacuum in QFT)

23
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To this end we consider the wave function of the fundamental

state

D,(q,t)= (q,t
then

O|T (q(t,)---q(2,))

0)= [ dq'dq®;(q".t')(q'.¥'|T(q(t,)-q(2,))

0)=(gle"™|0)=e""(4|0)

q9t>q)0 (qat)

Let us now define the generating functional of the vacuum

amplitudes

Clearly

O|T (q(t,)---q(z,))

o):(%

24

Y

671

/
5](t1)”'5j(tn)

[/]

J=0
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Now we will show that the following relation holds for any
value of g and q’ and with the ground state wave functions

evaluated at t=0.
iE,(t'—t)

Z[J]= lim - —(q’,t"|q,t
t—>+ioo, t'—>—ioco (I)O (q)(I)O (q ) < ‘ >J

To this end consider an external source J(t) vanishing
outside the interval (t",t"') with t'>t"'>t">t. Then, we can write

q,t)

q”’,t”’> <q”,,t”, ‘ q”,t”>] <q”,t”

qJ)J — J.dq”dqm <q,,t,

<q,,t,

25
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and using

("= g) = 0, e
we get
llm elEO <q t q”’ ’”>_ llm 2(1) (q )(I) (q///>elEt —i(E,—Ey)t’
t'——ijoo t'——joo

— (I)O (q )(I)O (q///)elEo — (I)() (q///’t/”)q)o (q )
and, in analogous way

) > =®,(q",1")D;(q)

. — i FE
llm e 1kt <q”,t”

[—+ioo

proving that

hmteﬂoo,t’e—oo e <q t’ >
— qulldqlllq)g (q)q)o (q/)q)o (qm,tm)<qm,tm‘q//’t//>J (I)() (q”,t”) _
=@y ()P, (¢")ZLJ]

Notice again that the values g and q' are arbitrary, and that
the coefficient in front of the matrix element is J-independent.
Therefore it is physically irrelevant and we will consider the ratio

26
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(0]0) i) Z[018J(t)--8J(t,)

which does not depend on the normalization and,
assuming to be able to integrate on the momenta

where the normalization factor does not depend on J.
Furthermore the typical choice is to take q =g = 0.

This expression suggests the definition of an euclidean
generating functional Zg[J]. This is obtained by introducing
an euclidean time (Wick's rotation) 71 = ;¢

27
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ZE[J] — hm N d,LL(Q)e J.T (Lg (q —)+Jq)d1'

T’ —> o0 ,T—>—oo

where 1 (dqY
L,=—m|l— | +V
ET 5 (d’f) (q)

more generally ,
T
—SE+J. Jqdt

Z.|J]= lim N d,u(q)e ’

T’ — o0 ,T—>—oo

If exp{-Sk} is a positive definite functional, the path

integral is well defined and convergent the vacuum
expectation values of the operators q(t) can be evaluated by
using Ze and continuing the result for real times.

1 8"Z[J] o 1 0"Z,[J]
Z[0]oJ(t,)---0J(t,) Z.0]0J(t))---0J(T,)|,_

J=0
28
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__Z{J] for the harmonic oscillator
We will evaluate Z[J] for the harmonic oscillator starting from
the expression

(0[0), =ZJ1= | @;(q".1") [ du(g)e™ ®,(q.1)dgdq

where ! | SRR !

— 1 i — 1 ]
mo \4 --mog” — o mo \4 --moq® ~or
(I)O(q,t):(7) e’ e’ (I)S(Q',f'):(?) e’ e’

| 1 1
SJ:J.t qu'z—gma)zq2+fq dart

neglecting, for the moment being the time dependence, the
argument of the exponential is

1 2 ,2 A I P | )
are = ——maw(qg- + + i —mag - ——mw g +Jg |dT
g=—5mog +q7) L S Md” = o moTq+Jg

29
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By changing variable ¢(7)=x(7)+ x,(7)
1
arg = 5 mo[x(t)” + x> (t)]—
|
-5 mo[x, ()" + x; ()] — mo[x(t)x,(t)+ x(t")x, (t")] +
) mixezlrterm ’
4! | ] 4! 1
—I—ij —mxi’ ——mw’x’ dT+iJ. —mx; ——m’x; + Jx,
t _2 2 | " _2 2

t_l
+iJ [m)'cxo — m” xx, + Jx]d’c
!

Integrate by part last term and choose xo solution of

. )
mx, + mw-x, =J

30

im[xx, ]

art +
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and with the boundar conditions
ix,(t")=wx,(t"), ix,(t)=—wx,(t)

It cancels the mixed term, and we are left with

arg = — % mo[x* (1) + x° ()] - %ma)[xg (1) + xg ()] +

|
+1J [zm)'c ——ma) X ]dT+zJ [— mxo——ma) xO-I—JxO]dT

Integrating by parts the last term and using again the b.c.’s

arg——%ma)[x (1) + x° (¢ )]+1J [—mx —%ma) T+ — j Jx,dt

The first two terms do not depend on J and contribute to Z[0]

31
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Therefore we can write

Jt,J(T)xO (1)dt

Z[J]=e?” Z[0]
Notice that xo depends on J since it satisfies the classical
egs. of motion in the presence of J

mi, + mo’°x, =J

We can solve this equation with the b.c.’s
ix,(t")=wx, ("), ix,(t)=—wx,(t)

by defining
(@ =i[ AT-s5)J(s)ds
L |
_jfz wz_A(T—s):—i(S(T—s),

iANt —s)=wAl’ —s), iIAl—s)=—-wA—ys)

32
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The equation can be easily solved by considering t' > s and
t<s, We get

A(T)=Ae™, >0, A(t)=Be™™, 7<0

or . .
A(T)= AB(T)e™ "™ + BO(—1)e™™

A and B are fixed by the b.c.’s

1 . .
A(T) = O(T)e " +0(—1)e™"
(7) Zwm[ (7) (=T)e"" |
and the final result is

jt,dsds’J(s)A(s—s’)J(s’)

Z[J]=e 2 Z[0]

33
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The VEV of two q operators is then given by
Ao L 8&ZU1 | _{0IT(e(5)9("))]0)
(s—s8")= ; —
Z[0] 0J(s)oJ(s")|,_, (0]0)

We could have done the same calculation in the euclidean
space. The result would have been

—Sécz)+'[+w]qdf
ZelJ]=e = Z[0],

1
St = E(qu + ma)zqz)
with g satisfying the classical euclidean equations of motion

In presence of the source J

1
j-0g=——1J
m

and witn b.c.’s g —0,for 7 —

34
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We define the euclidean Green function

d__ > D, (T)= —l5(’c) lim D, (1)=0
dr | m e
then g(T) = j_: D, (Tt —s)J(s)ds

Going to the F.T.
D,(t)=|dv e D,(v)

we find

1 1 1 too 1 |
D (V)= ., D.(1)= dv e '’
(V) 2m v + o’ £(7) anj—oo v+’

35
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To evaluate this integral we close it with the circle
at infinity in the lower plane for positive euclidean time
1 e 1

D)= iy 2w

By operating in the upper plane for negative euclidean time

we get the final result

|
DE (T) — 2ma) e—a)l’L'l

and i
J J(s)Dg (s—s")J(s")dsds’

Z [J]=e>"~ Z,10]

we see that
1 6°Z,[J] -
Z.[018J(s)0J(s") '™

36
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Using the relation between the euclidean functional and Z[J]

one finds
A(t) = DE (it)

To compare the two expressions take the FT
A@t) = [ dve™ AW,
l l 1

—V + 0 )AW) = . AWV =
( JAW) 2mTm V) 2Tm v — @

2

whereas there is no problem in the euclidean case, we see
that this expression is singular and the integral should be
defined properly

37
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In fact, to reproduce the euclidean result we need to choose
the path as follows

Or, in equivalent way we can do
the integration along the real
axis with the following
prescription

A Tm v

—ivt

ol () + () Re :’ A(t) - llm

. — dadv
e—0"2Tm Y= V- — @ +1ie

o 0, l J~+°° e

With this prescription we can safely rotate the contour of
integration anticlockwise getting

A(t) = dv

; riw it Changing variable
v=1V

2rm Y- v — @°
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Notice that the representation

. [ (e e
A =1lim — [ —————dv
0" 2Tm Y= V" — " +1ie

can be obtained by the substitution

W — w0 —ie
in the path integral. That is

L o2 2 l . y
——mm~ | g~ (t)dt ——m (" —ie) | g~ (t)dt
e 2 J —S e 2 J

We see that this adds to the path integral the convergence
factor

39
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