
Introduction to

SUPERSYMMETRY

1.- Motivation and Wess-Zumino model

Oscar VIVES

TAE 2012

U. Complutense, 16–27/07/2012

1



Electroweak Global Fit

2



STANDARD MODEL “PROBLEMS”

STANDARD MODEL “PROBLEMS” 3



STANDARD MODEL “PROBLEMS”

Theoretical “Problems”

• Assignment of matter Quantum Numbers

• Unification of Gauge Couplings

• Origin of Spontaneous Symmetry Breaking

• Accomodate Quantum Gravity

• Large number of Flavour Parameters

STANDARD MODEL “PROBLEMS” 3-A



STANDARD MODEL “PROBLEMS”

Theoretical “Problems”

• Assignment of matter Quantum Numbers

• Unification of Gauge Couplings

• Origin of Spontaneous Symmetry Breaking

• Accomodate Quantum Gravity

• Large number of Flavour Parameters

Observational “Problems”

• Need of non-baryonic Dark Matter

• CP violation source for Baryogenesis

• Mechanism of Inflation
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MOTIVATIONS FOR SUPERSYMMETRY

• Only possible extension of symmetry beyond

Lie Symmetries (Coleman–Mandula Theorem).

• Correct Unification of Gauge couplings atMGUT ,

GUT assignment of Quantum numbers (anomaly cancellation).

• Solution of the Hierarchy Problem,

strong motivation for low-energy SUSY.

• “Natural” Mechanism of Electroweak Symmetry

Breaking , Radiative Symmetry Breaking.

• SUSY is a necessary ingredient in String Theory.

Local Supersymmetry ⇔ Supergravity.
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Coleman–Mandula Theorem

In the 60’s attempts to combine internal and Lorentz symmetries ...

The only conserved quantities that transform as tensors under

Lorentz transformations in a theory with non-zero scattering

amplitudes in 4D are the generators of the Poincare group

and Lorentz invariant quantum numbers (scalar charges).

2× 2 spinless particle scattering, bosonic conserved charge, Σµν ,

〈1|Σµν |1〉 = αp1µp
1
ν + βgµν

So, in the scattering process,

p1µp
1
ν + p2µp

2
ν = p3µp

3
ν + p4µp

4
ν & p1µ + p2µ = p3µ + p4µ

Not possible in a theory with non-zero scattering.
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However: Coleman–Mandula theorem does not forbid conserved

spinor charges, Qα (transforming like fermions under Lorentz)

Qα|Boson〉 = |Fermion〉 Qα|Fermion〉 = |Boson〉
[Qα, H] = 0 [{Qα, Q̄β̇}, H] = 0

Supersymmetry Algebra

{Qα, Q̄β̇} = 2σµ

αβ̇
Pµ {Qα, Qβ} = 0 {Q̄α̇, Q̄β̇} = 0

Supersymmetry relates particles of different spin with equal

quantum numbers and identical masses.
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Hierarchy Problem

γ

e−

f

f̄

H H

δme = 2αem
π me log

Λ
me

δm2

H(f) = −2Nf
|λf |2
16π2

[Λ2 − 2m2

f ln
Λ
mf

]

with me → 0, chiral symmetry No symmetry protects m2
H . . .

Quadratic div.!!

Λ = 1019 GeV

δme = 0.24 me δm2
H ≃ 1030 GeV

Supersymmetry⇒ + H

f̃L, f̃R
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δm2
H(f̃) = −2Nf̃

λf̃
16π2 [Λ

2 − 2m2
f̃
ln Λ
mf̃

+ . . . ]

δm2
H(f) + δm2

H(f̃) = 0 if Nf = Nf̃ , |λf |2 = −λf̃ and mf = mf̃

⇒ Supersymmetry + Chiral symmetry solve hierarchy problem.

But ... no scalars degenerate with the SM fermions, SUSY broken !!
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δm2
H(f̃) = −2Nf̃

λf̃
16π2 [Λ

2 − 2m2
f̃
ln Λ
mf̃

+ . . . ]

δm2
H(f) + δm2

H(f̃) = 0 if Nf = Nf̃ , |λf |2 = −λf̃ and mf = mf̃

⇒ Supersymmetry + Chiral symmetry solve hierarchy problem.

But ... no scalars degenerate with the SM fermions, SUSY broken !!

Soft Supersymmetry breaking

• Preserve cancellation of Quadratic divergencies requires

dimensionless couplings still supersymmetric: |λf |2 = −λf̃
• SUSY only broken in couplings with possitive mass dimension:

Soft Breaking m2
f̃
= m2

f + δ2

δm2
H(f)+δm2

H(f̃) ≃ 2Nf
|λf |2
16π2 δ

2 ln Λ
mf̃

+. . .
to solve hierarchy

problem δ <∼ 1 TeV
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GUT and coupling unification

Grand Unification

• Simple gauge group unifying SU(3)C , SU(2)L and U(1)Y

• All matter multiplets in 1 generation unified in a single (two)

representation of the gauge group:

SU(5) 5̄ =



















dc

dc

dc

νe

e−



















L

10 =



















0 uc uc u d

0 uc u d

0 u d

0 ec

0



















L

S0(10) 16 = 10 + 5̄ + 1
(

5̄ = (3̄, 1) + (1, 2), 10 = (3, 2) + (3̄, 1) + (1, 1)
)

⇒Explains the assignment of quantum numbers in the SM
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RGE evolution of gauge couplings Running the couplings to high

energies they come close atMGUT ≃ 1016 GeV

In SM
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Standard Model

Using SU(3) and SU(2)L to

predict sin θW with correct

unification :

sin θthW = 0.214± 0.004

sin θexpW = 0.23149± 0.00017
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RGE evolution of gauge couplings Running the couplings to high

energies they come close atMGUT ≃ 1016 GeV

In SM
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α i-1

U(1)

SU(2)

SU(3)

µ (GeV)

Standard Model

Using SU(3) and SU(2)L to

predict sin θW with correct

unification :

sin θthW = 0.214± 0.004

sin θexpW = 0.23149± 0.00017

In MSSM
Much better agreement:

sin θthW ≃ 0.232

sin θexpW = 0.23149± 0.00017

iif (MSUSY ≃ 1 TeV).

⇒ Strongly suggests Supersymmetric Grand Unification !!
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Radiative Symmetry Breaking

• In MSSM many scalars but (typically) only Higgs gets a vev

• All soft masses possitive O(MW ) atMGUT

• µH1H2 ∈W , µ ∼ O(MW ) (SUSY µ problem)

• Approx. RGE evolution fromMGUT toMW :

16π
2 d

dt
m

2

H2
= 6Y

2

t (m
2

H2
+ m

2

Q3
+ m

2

U3
) − 6g

2

2
M

2

2
−

6

5
g
2

1
M

2

1
,

16π
2 d

dt
m

2

H1
= −6g

2

2
M

2

2
−

6

5
g
2

1
M

2

1
,

16π
2 d

dt
m

2

Q3
= 2Y

2

t (m
2

H2
+ m

2

Q3
+ m

2

U3
) −

32

3
g
2

3
M

2

3
−

6g
2

2
M

2

2
−

2

15
g
2

1
M

2

1
,

⇒
m2

H2
pushed

down by Yt

and not SU(3)

coupling

EW symmetry breaking occurs naturally as a radiative effect
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Gravity and strings ...

Global bosonic sym.
Local−−−→ Gauge Theory

Global SUSY
Local−−−→ Supergravity

• SUSY transformation parameters ξα deppend on space-time

position. Anticonmutator of 2 SUSY transformations is a translation

{Qα, Q̄β̇} = 2σµ

αβ̇
Pµ

⇓
Local SUSY implies local coordinate tranformations: Gravity

• Superstring can unify gravity with gauge interactions.

Supersymmetry necessary ingredient of consistent String Theory
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WESS-ZUMINO MODEL

Weyl spinors Susy described in terms of 2-comp. Weyl spinors:

LDirac = iΨ̄γµ
∂µΨ−MΨ̄Ψ

Weyl repres. γµ =





0 σµ

σ̄µ 0



 γ5 =





−I2 0

0 I2





(σµ)αα̇ = (I2, σi)αα̇ (σ̄µ)
α̇α = (I2,−σi)

α̇α

ψD =





ξα

χ̄α̇



 = ψL + ψR =





ξα

0



+





0

χ̄α̇



 , ψ̄D = ψ
†
Dγ

0 =
(

χα, ξ̄α̇

)

, (ξα)
† = ξ̄α̇

⇒ L = iξ̄σ̄µ∂µξ + iχσµ∂µχ̄−M(ξχ+ ξ̄χ̄)

Dirac → Weyl:
Ψ̄1γ

µ
L Ψ2 = ξ̄1σ̄µξ2 Ψ̄1γ

µ
R Ψ2 = χ1σµχ̄2

Ψ̄1 L Ψ2 = χ1ξ2 Ψ̄1 R Ψ2 = ξ̄1χ̄2
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Non-interacting Wess–Zumino

Weyl fermion + complex boson, no interactions

S =

∫

d
4
xL =

∫

d
4
x
(

iψ̄σ̄
µ
∂µψ + ∂

µ
φ
∗
∂µφ

)

SUSY transformation: scalar ↔ fermion, with ξ Weyl spinor

([ξ] = −1/2) transf. parameter (Ex. 1: Check L inv. under SUSY)

δφ =
√
2ξαψα ≡

√
2ξψ δφ

∗ =
√
2ξ̄α̇ψ̄

α̇ ≡
√
2ξ̄ψ̄

δLscal = +
√
2ξ ∂µ

ψ ∂µφ
∗ +

√
2ξ̄ ∂µ

ψ̄ ∂µφ

for a fermion, comparing δLscal and Lferm must be:

δψα = i
√
2(σµ

ξ̄)α∂µφ δψ̄α̇ = −i
√
2(ξσµ)α̇∂µφ

∗

δLfer =
√
2(ξ σµ

σ̄
ν
∂νψ)∂µφ

∗ −
√
2(ψ̄ σ̄ν

σ
µ
ξ̄)∂ν∂µφ

using the Pauli

matrix identities

(+∂µ∂ν = ∂ν∂µ )

[σν
σ̄
µ + σ

µ
σ̄
ν ]βα = −2ηµνδ

β
α, [σ̄µ

σ
ν + σ̄

ν
σ
µ]β̇α̇ = −2ηµνδ

β̇
α̇
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So, we arrive at δLfermion = −
√
2ξ ∂µ

ψ ∂µφ
∗ −

√
2ξ̄ ∂µ

ψ̄ ∂µφ+
√
2 ∂µ

[

ξ̄ ψ̄ ∂µφ+ ξψ∂µφ
∗ + (ξ σν

σ̄
µ
ψ) ∂µφ

∗
]

⇒ δS =

∫

d
4
x(δLscalar + δLfermion) = 0

Theory is invariant only if the algebra closes

(δξ2δξ1 − δξ1δξ2)φ = 2i
(

ξ1σ
µ
ξ̄2 − ξ2σ

µ
ξ̄1
)

∂µφ

for the fermion field, using Fierz identity, χα(ξη) = −ξα(ηχ)− ηα(χξ)

and ξ̄σ̄µχ = −χσµξ̄:

(δξ2δξ1 − δξ1δξ2)ψα = 2i
(

ξ1σ
µ
ξ̄2 − ξ2σ

µ
ξ̄1
)

∂µψα − iξ1α ξ̄2σ̄
µ
∂µψ + iξ2α ξ̄1σ̄

µ
∂µψ

only on-shell, σ̄µ∂µψ = 0, it closes. Off-shell we must introduce

auxiliary field, F with Laux = F ∗F and dimensions mass2. It does

not propagate, the eqs. motion are F = F ∗ = 0
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we modify the transformation properties

δφ =
√
2ξψ δφ

∗ =
√
2ξ̄ψ̄

δψα = i
√
2 (σµ

ξ̄)α∂µφ +
√
2 ξαF

δψ̄α̇ = −i
√
2 (ξσµ)α̇∂µφ

∗ +
√
2ξ̄α̇F

∗

δF = i
√
2 ξ̄σ̄µ

∂µψ δF
∗ = −i

√
2 ∂µψ̄σ̄

µ
ξ

Now theory is Supersymmetry invariant even off-shell:

LWZ = iψ̄σ̄
µ
∂µψ + ∂

µ
φ
∗
∂µφ+ F

∗
F

(δξ2δξ1 − δξ1δξ2)X = 2i
(

ξ1σ
µ
ξ̄2 − ξ2σ

µ
ξ̄1
)

∂µX
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we modify the transformation properties

δφ =
√
2ξψ δφ

∗ =
√
2ξ̄ψ̄

δψα = i
√
2 (σµ

ξ̄)α∂µφ +
√
2 ξαF

δψ̄α̇ = −i
√
2 (ξσµ)α̇∂µφ

∗ +
√
2ξ̄α̇F

∗

δF = i
√
2 ξ̄σ̄µ

∂µψ δF
∗ = −i

√
2 ∂µψ̄σ̄

µ
ξ

Now theory is Supersymmetry invariant even off-shell:

LWZ = iψ̄σ̄
µ
∂µψ + ∂

µ
φ
∗
∂µφ+ F

∗
F

(δξ2δξ1 − δξ1δξ2)X = 2i
(

ξ1σ
µ
ξ̄2 − ξ2σ

µ
ξ̄1
)

∂µX for X = φ, ψ, F

Supersymmetry Algebra {Qα, Q̄β̇} = 2σµ

αβ̇
Pµ [Pµ, Qα] = 0

{Qα, Qβ} = 0 {Q̄α̇, Q̄β̇} = 0

Chiral Supermultiplet= ψ, φ, F with four fermionic d.o.f. (2 complex

components of ψ) and four bosonic d.o.f. ( 2 complex scalars, φ

and F )
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Matter Interactions

General set of renormalizable matter SUSY interactions is given by,

Lint = −1

2
W

ij
ψiψj +W

i
Fi + c.c.

withW ij ,W i functions of bosonic fields [W ij ] =M and [W i] =M2

1.- [L] = 4, soW ij andW i cannot be functions of ψ and F .

2.- Lint must be SUSY invariant by itself

3.- Lint cannot include f(φ, φ
∗), it transforms in ξψφφ∗... and cannot

be cancelled (all other terms at least 1 derivative or F )

δLint = −
√
2

(

δW ij

δφk
(ξψk) +

δW ij

δφ∗k
(ξ̄ψ̄k)

)

(ψiψj)− i
(√

2W ij ∂µφj ψiσ
µξ̄

+
√
2W i ∂µψiσ

µξ̄
)

+
√
2
( δW i

δφj
(ξψj) Fi +

√
2 δW

i

δφ∗j
(ξ̄ψ̄j) Fi −

√
2W ij (ξψi) Fj + c.c.

)
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1st term . No other term with 4 spinors, however Fierz identity

(ξψi)(ψjψk) + (ξψj)(ψkψi) + (ξψk)(ψiψj) = 0

so it cancels iif δW ij/δφk is totally symmetric in i, j, k. No similar

identity for (ξ̄ψ̄k)(ψiψj) therefore δW ij/δφ∗k = 0

2nd term. Total derivative iif W ij∂µφj = ∂µW
i = (δW i/δφj)∂µφj

3rd term. Vanishes under the above conditions.
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1st term . No other term with 4 spinors, however Fierz identity

(ξψi)(ψjψk) + (ξψj)(ψkψi) + (ξψk)(ψiψj) = 0

so it cancels iif δW ij/δφk is totally symmetric in i, j, k. No similar

identity for (ξ̄ψ̄k)(ψiψj) therefore δW ij/δφ∗k = 0

2nd term. Total derivative iif W ij∂µφj = ∂µW
i = (δW i/δφj)∂µφj

3rd term. Vanishes under the above conditions.

⇒ Superpotential W

Analitic function of the (complex) scalar fields (not of φ∗), at most

cubic in φ and dimensions of mass3

W =
1

2
M

ij
φiφj +

1

6
λ
ijk
φiφjφk, W

i =
δW

δφi

W
ij =

δW

δφiδφj
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Fi, F
i∗ eliminated using equations of motion: Fi = −W ∗

i

F i∗ = −W i, i.e. functions of scalar fields, no derivatives. Then

Lagrangian,

Lchiral = LWZ + Lint = iψ̄σ̄µ∂µψ + ∂µφ∗∂µφ+

− 1

2
W ij ψiψj − 1

2
W ij∗ ψ̄iψ̄j − W iW ∗

i

The scalar potential V (φ, φ∗) is given by

V (φ, φ∗) =W iW ∗

i = F iF ∗

i =M∗

jiM
ikφj∗φk +

1

2
M ikλ∗jnkφiφ

j∗φn∗

+
1

2
M∗

ikλ
jnkφi∗φjφn +

1

4
λijnλ∗klnφiφjφ

k∗φl∗

Superpotential: general SUSY

invariant matter interactions
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Example: top Yukawa

W = ht QLHt
c
R Gives rise to the Lagrangian,

Lint = − 1

2
W

ij
ψiψj − 1

2
W

ij∗
ψ̄iψ̄j − W

i
W

∗
i

= −1

2
ht

[

H QLt
c
R + Q̃L h̃t

c
R + t̃

c
R Qlh̃

]

+ c.c.

− h
2

t

(

|Ht̃cR|2 + |HQ̃L|2 + |Q̃Lt̃
c
R|2

)

and the Feynman rules

tL

tcR

H

tL

h̃

t̃cR

t̃L

t̃cR

t̃c∗R

t̃∗L

t̃L

H

H∗

t̃∗L
− i ht L − i h2t

WESS-ZUMINO MODEL 20



Vector Superfields

Gauge multilplet: massless vector boson Aa
µ + Weyl gaugino λa +

auxiliary field Da

Lgauge = −1

4
F a
µνF

µνa + iλ̄aσ̄µDµλ
a +

1

2
DaDa

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAb

µA
c
ν Dµλ

a = ∂µλ
a − gfabcAb

µλ
c

Lgauge is already Supersymmetric with the transformations

(Wess-Zumino gauge)

δAa
µ = iξ̄σ̄µλ

a − iλ̄aσ̄µξ

δλaα = −1

2
(σµσ̄νξ)αF

a
µν − iξαD

a

δDa = − ξ̄σ̄µDµλ
a + Dµλ̄

aσ̄µξ
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Gauge Interactions

Replacing ∂µ → Dµ = ∂µ + igT aAa
µ obtain Gauge invariant

Lagrangian, but not SUSY invariant, we need gaugino and D

interactions,

φ∗T aψ λa λ̄a ψ̄T aφ φ∗T aφ Da

Then the full Lagrangian is Supersymmetric replacing also in the

SUSY transformations derivatives by covariant derivatives,

L = Lgauge + Lchiral + i
√
2 g

[

φ∗T aψ λa + λ̄a ψ̄T aφ
]

+ g φ∗T aφ Da

where W must also be Gauge invariant by itself. Moreover Da can

be eliminated using eqs of motion,

Da = − g φ∗T aφ
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The gauge invariant SUSY Lagrangian,

L = iψ̄Lσ̄
µDµψL + Dµφ∗LDµφL + (L→ Rc) + 1

4F
a
µνF

µνa − i λ̄aσ̄µDµλ
a

+ i
√
2 g

[

φ∗i T
aψi λ

a + λ̄a ψ̄iT
aφi

]

− 1
2W

ij ψiψj − 1
2W

ij∗ ψ̄iψ̄j

−W iW ∗

i − 1
2 g

2 (
∑

i φ
∗

i T
aφi)

2

therefore the gauge interactions are (U(1)),

ψc
R

ψc
R

γ

ψL

γ̃

φL

φL

φ∗L

γ

φL

φL

φ∗L

φ∗L
− i g γµ i g

√
2 L − i g (p+ p′)µ − 2 i g2
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SUSY Lagrangian

• All interactions determined by gauge quantum

numbers and Superpotential

• Write all kinetic terms with covariant derivatives

plus gaugino interactions and D–terms

• W must be a gauge invariant analitic function of

the scalar fields

• Matter interactions determined byW iW ∗
i and

W ijψiψj

• ⇒ Lagrangian is Supersymmetric
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