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Mecanica cuantica avanzada - Problemas resueltos
(Licenciatura en Fisica, 4° curso)

PROBLEMA. Un atomo de hidrégeno se ve sometido a una perturbacién

{0 t<0
V=
f(rya-P t>0

donde r = |x| es la distancia radial, f(r) es una funcién que depende sélamente de r y a es un
vector constante conocido.

(i) Calcular las reglas de seleccién para el momento angular en la aproximacién de Born para la
transicién |n, £,m) — |n’, ¢/, m’).

(ii) ;Es posible a este orden en teorfa de perturbaciones una transicién entre estados con el
mismo nimero cuantico n? Razonar la respuesta. En caso de serlo, calcular la probabilidad
de transicién en un tiempo T paran =n' =2y £ = 0 y una funcién

=1L s,

r

con fp una constante de dimensiones adecuadas.

SOLUCION (expresiones finales en rojo).

The transition probability in Born’s approximation is given by

(B) I N
P= Pz%f(OaT): ‘ﬁA dt et sz ’
where
y :M:<L_L>M
fi h n? nfc 2h ’

w

= (fIfrya-Pliy=>" o (f| f(r) P i).

Jj=1
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Taking into account that V}; does not depend on ¢ and noting

T2 if ng =mng
Fyi(T ‘/ di et =0 sin® (%57) :
(wfiT)Z if n; 7& ny
2

it follows that )
P =Fp(T) |Vy|™.

(i) The selection rules are those for Vy;. Being f(r) a scalar and P a vector, the perturbation
operator V has ¢ = 1. The selection rules for the angular momentum are then

lp—l;=-1,0,1 and ¢y =1 if £y =0.
Since P is odd, the state |n,#,m) must change its parity. Hence
by —0;=-1,1 and fy=1 if {; =0.
(ii) The Hamiltonian for the Hydrogen atom is

_P? Ze? h_2<62 2 0 L2> Ze?

o TN a7 T rar ) T

Using [X7, Hy| = ™ pi we write Vi as
m

3
fi= > @l (f1£(r) (7 Ho — Hoa') i) . (1)
7=1

The first term in this expression is straightforward,

a’ (f| f(r)a’ Ho li) = E; (f] f(r) a-x]d). (2)

Mw

Jj=1

As regards the second one, note that Hy cannot be pulled to the left to act on (f| since f(r) is on
the way. To reach (f|, Hp must first commute with f(r),

f(r)Ho = [f(r), Ho] + Ho f(r).

This and 2 ) 5
(Ho 0] = =50 [ 170042 70042100

imply that

> o 2., 0 , ,
S W1 Howd ) = 5 (F| (#7427 w2 5 )ax| i)+ B (F1F) ax ). (3)

Jj=1
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Substituting (2) and (3) in (1), recalling that the bound states |ném) = |nf) |[¢m) for the Hydrogen
atom have wave functions ¥ (r,0,¢) = R, (r) Y} (6, ¢), employing

a-x
ax=r—
r

and noting that a-x/r does not depend on r, we obtain
Vii=1Rypi Ayi,

where Ry; and Ay; stand for the radial and angular contributions,

Rys =" (Ey — B9 ng 1) i ) + & (g | (r” 448 4 20p 2 i)
Api = <€fmf ‘ % Eimi>.

Let us look at the radial contribution Ry; for ny = n;. In this case the difference Ey — E;
vanishes and the first term in Ry; is zero, so that

Ry = g <n Kf‘ (’r'f" +4f +2rf %) ‘n Eq;>, n=mns;=n;.

This is in general different from zero, hence transitions ¢ — f with n;y = n; are allowed. Take
n;=ny=2,¢;=0 and f(r) = fo/r. In this case the only possible value for ¢; is 1 and

o= (o] (1) o)
We recall that

1 r 1 r
- - 0 —r/2a9 - - —r/2a9
Fanlr) ﬁag/2 <1 2ao> ‘ » Balr) 2\/6ag/2 ao € ’

where aq is Bohr’s radius. Some integration then gives

hfo
12a%"

Ryi =

The angular part Ay; reproduces the selection rules already found. To compute it, we choose
the Oz axis in the integral parallel to the direction defined by the vector a, so that

myk . 47 m e
Afi :a/dQ Y,fo (6,¢) cosf Y} (0,0) = < ¢ <Y,fo\y?|yziz>.

Clebsch-Gordan coeff

where we have used that

cosf =/—=— Y,
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The matrix element in blue is the Clebsch-Gordan coefficient (¢fm f‘ 10;4;m;). For n; = ny = 2,
¢; = 0, which in turn implies £; = 1, m;= my= 0. It is clear that

Putting everything together, the probability becomes

h? fo ’a’2

2
24334 7.

P(2s — 2p) =

This is only valid for T such that P < 1.

Comment. The expression of Ry; can be further elaborated. To this end recall that
Rné(r) - Cné ep/2 Pg Ligjgl,l([)) )

where L{(p) are the generalized Laguerre polynomials and the constant C,,, and the dimensionless
variable p are given by

9 n—0—1) 12 o
Cre = 32 [( )] , p=—.

n2a (n+2)! aopn
Using that
d
v Lij(x) = (p+1) Ly (2) = (p+ g+ 1—2) Li(x),
we have
iR()— o ) ++/(n— +€+1)MR (r)
Ty e = nag " o n n? e
All in all,
m
Rfl' = E (Ef - Ez) <7”Lf gf’ f(?“) ’nl £Z>

+ - <nf€f‘ [rf”—l—Q(l—ni—i—

n; €i>

<nf€f|f |nl—i—1 ;)

o) /]
(n; —|— 1)2

+ R/ (ng — ) (n; + 6 +1)

Z

For f(r) = r®, with s an integer, all the integrals in this expression are of the form (see Appendix A
n [Galindo & Pascual])

o0
L(pgp'd) = [ do e a® Lifo) LY (2)
0

mil’l(p7p’) n /+k. a — q o — q/ —a — 1
— ol _\ptp
oy o (o) G ()

k=0
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where the binomial coefficients are given by

|
()t azp

<_pq>:(_)p<q+z_1>’ <g>:0 for p>q>0.

and
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PROBLEMA. El hamiltoniano de un sistema formado por dos particulas de masas m; y mo tiene

la forma
2 2

Pl P2
H=-—1 42 L V(x;—xa).
omy T amy TV (K x2)

Los autoestados y autofunciones de H son conocidos. Durante un tiempo 7 la particula 2 experi-
menta una colisién que le comunica una velocidad v. Supdngase que wr << 1 y que |v|T << ay,
donde ag es el “tamano clasico” del sistema. Si inicialmente el sistema se encuentra en su estado
fundamental, cacular la probabilidad de que como consecuencia de la colisién el sistema salte al
primer estado excitado.

Particularizar para el caso de un sistema unidimensional con una interaccién vibratoria entre
las particulas de frecuencia angular wy.

SOLUCION (expresiones finales en rojo).

Before the ‘kick’, the system is a standard two-body problem. The positions and momenta of
the center of mass (COM) and the ‘reduced’ (RED) particle are

m1 X1 + Mo Xso
== P= +ps,
mi + mg P17 P2

B _ MaP; — M1 Py
r=Xx| — Xo, p=——"————-=
mi + ms

with the total mass M and the reduced mass p being given by

mima
M =mq +msy, h=—"—.
mi + ms

The hamiltonian H of the system can be writen as (the hats ~ here denote operators)

. 2
P ~ 2
H=——+2

—+V .
on T VD

It can be splitted
H = HCOM + Hred )

in a center of mass part Hcoy and a reduced part Hggp,

h? K2
Heon = —m AR Hypp = _ﬂ A+ V(I’) .

The total wave function is
U(R,r,t) = e~ (Ecout—P-R)/h P(r,t),
with b2
Ecom = BY;
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the coM energy and and (r,t) the solution to the reduced Schrédinger equation

ih % (r,t) = Hrep Y(r,1).

The reduced stationary states are
() = e Frene/ntlh g (r) Hpgp ¢p(r) = Egep &(x) -

After the ‘kick’, particle 2 has position x), = x2 + vt and momentum p) = py + maov. The
total hamiltonian becomes

)
P P 1
H =214+ 2 4 —mov? 4+ Pyv+V(x; —xy — vt
o T amg TgmeV TPV (|x1 —x2 — vt|)
152 1 m P2
:2—+§m2v2+—2P-v—f)-v+;)—u+V(]r—vt]).

Its splitting
H' = HéOM + H;ed

in coOM and RED parts is now given by

.2
P 1 2 m2 A
H%OM = m + §m2v + MP-V
f)Z
H/RED =—-p-v+ ﬂ + V(’I‘ — Vt’) .

The total wave function now reads

V(R,r, 1) = e " Pt "PRID 4 (1) (4)
where the cOM energy El,, is
/ P2 1 2 mo
Eoon = onf Tamev tor P-v

and the reduced Schrédinger equation takes the form

0

ih g Y (r,t) = Hypp ' (1, 1)
To remove the term p-v from H},, , we make
¢I(r’ t) — efi,uv-l‘/h ¢//(r, t) ) (5)
This gives
ihgl//’(r t)y=|-— h—QAr—i—V(]r—Vt]) ' (r,t). (6)
ot ‘ 20 ’

F. Ruiz 7 UCM - Mecanica cuantica avanzada



We remark that ¥’ in eqgs. (4)-(5) with ¢” the solution to the Schrodinger equation (6) is the exact
wave function after the kick. Note that there is no reason for the dependence of ¢ (r,t) on ¢ to be
throughr — vt. The approximations come next.

The sudden approximation establishes that the probability that the system jumps from a state
i before the kick to a state f after the kick is given by

2 . 2
P=[(WRox, 1) [ Wi(R,r, 7)) | = | (e e, 7) [4(r))

The states ¢}’, that is, the solutions to the reduced time-dependent Schrodinger equation (6) after
the kick do not follow from this approximation. We must find them by other means.
Y

The region where the potential V'(r) is dominant is" |r| ~ ag. This and the assumption |v|r < ag

implies the approximation

ao
T

wg(r,t) ~ ¢ Erent/h Pp(r) for t<7T<K v
v

with {Q,Z)f(r),Ef,RED} solutions for the unperturbed time-independent reduced hamiltonian Hpggp.
The pobability for the transition ¥;(R,r,0) — ¥%(R,r,7) is then

. 2
P = (e ™My (r) [4i(r))

If the particles move in one dimension and interact through a harmonic oscillator potential, the
reduced hamiltonian takes the form

R d? 1
—-— * —uw2x2.

A
HED 2u dz? 2

The wave functions 1); are

[« 22 W
¢n(x): mHn(ax)eax/Qa ’I’LZO,l,..., o = ?,

where H,(z) are the Hermite polynomials. If the oscillator is initially in its ground state, the
probability for it to be in its first excited state after the kick is

4 2 2 K
P(v) = | (e7e /My (@) [ () )| = S /2,
2hw
The approximation is valid if P < 1. Since the exponential is bounded from above by 1, this
requires %,qu < hw, that is, the kinetic energy gained by particle 2 is much smaller than the
energy of the ground state. In the regime % pv? > hw the probability also becomes very small.
Equating to zero the first derivative of P(v) with respect to v, we have

Plog) =0 = = pvi=hw.

DO | —

'Recall, for example, that the probability density for the ground state of the hydrogen atom has its maximum at
|I‘| = QABohr-
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This corresponds to a maximum, since
P”(UO) <0.
The probability is then bounded from above by

P(v) < P(vy) = e+ ~ 0.368.

F. Ruiz 9 UCM - Mecanica cuantica avanzada



PROBLEMA. Un atomo de hidrégeno experimenta una transicién 3p — 2p emitiendo un fotén.
Indicar de que tipo de transicién se trata.

SOLUCION (expresiones finales en rojo).

Let ¢ be the angular momentum of the operator O that mediates the transition
ng=3, L;i=1m; — np=2 ;=1 my.
Composition of angular momenta,
Gl =L+l [ —L] 3 Uy,
implies that

1®1=2,1,0

1®2=3, 2,1

1l=4+1,...,2 for £>3.
The only allowed values for ¢ are then ¢ = 1,2. Since the initial and final states have the same
parity, II; = IIy = —1, the operator O must have IIop = +1. The case £ = 1 corresponds to dipole

magnetic transitions, and £ = 2 to quadrupole electric transitions. The dipole magnetic transition
amplitude is proportional to

(k/\e) (nfﬁfmf]L]ni&mi> = (k/\e) (nfﬁf\nz&> <€fmf‘LmeZ>

In the case at hand, ¢; = ;. Recalling that (ny¢;|n; €;) = dp;n ;» we conclude that the transition
cannot be of this type. The amplitude for a quadrupole electric transition is proportional to

5.0 o 5.0 . i i
E ke <nf€fmf\xlx]]ni€imi> = <nf€f\r2\ni€i> E ke <€fmf]%\&mz>
r
i,j=1 1,j=1

The angular integrals are different from zero. As for tha radial part we have

5 213 35 9

Hence
7
£ =2: Quadrupole electric transition.

Comment. Higher multipole transitions are forbidden. Quadrupole magnetic transitions (M2)
change parity, and octupole electric (E3) and magnetic (M3) do not allow ¢; =1 — £y = 1.
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PROBLEMA. Sobre un oscilador arménico unidimensional de frecuencia angular w, que en
t; — —oo se encuentra en el estado fundamental, actua un campo externo cuya contribucién al
hamiltoniano es

V(z,t)=Vo [0(z+vt) — Oz —vt)].

Calcular la probabilidad de que salte al primer estado excitado (t; — o0).

SOLUCION (expresiones finales en rojo).
The transition probability in Born’s approximation is

2
PP, = a8 |,

i—f 3

where A(B)

it is given by

® _ L[

_ 1Wf; .

Al_ﬁf_ﬁ/ dtef Vfl
—0o0

We first compute Vy;. At a given ¢, as a funtion of x, the perturbation V'(x,t) is rectangular pulse

that extends from —wvt to vt. Hence

vt
Vi = Vo / dz () i ()

—ut

The eigenfunctions and eigenvalues of the one-dimensional harmonic oscillator are

[ « —a2g? 1 pw
’l/)n(.%'): m[‘[n(am)e /2, En:hw(n+§>, o = 77 n:O,l,...

They have definite parity
Pn(=2) = (=)" Pn(z).
If |i) = |0) and |f) = [1), the matrix element V}; = Vig is the integral over a symmetric interval of

an odd funtion, hence it vanishes,
Vip=0.

It follows that V4
B
Py =
We move on to higher orders in perturbation theory. To nth order the amplitude Agﬁz f involves a
chain of matrix elements

ST FIWVIkno1) et [Vikaz) -+ (k| V1]i). (7)

k1,..skn—1

Since the perturbation V' is even in x, the parity of |i) must be the same as that of |k;), and this
the same as that of |k2), and so on. The final state |f) must then have the same parity as |i);
otherwise the product (7) vanishes. We conclude that the transition amplitude for |0) — |1) is zero
to all orders in perturbation theory,
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Comment 1. Assume |i) = |0) and |f) = |2). In this case,

v vt
Voo = o dx (2 a?a? — 1)670[212 .

V2T J ot

Integrating by parts the first term in the integrand, we obtain

2
Voo = \/j Voot e~V
s
It then follows that

AP, = \/g o /oodt t e O At V2 Vhw g w?/atv?
—0o0

h ha2v? ’

and from this

2
P(B> —9 & 6—2hw/;L1;Q
0—2 — /,L/UQ .

Born’s approximation is valid if P(()]izz < 1. This occurs for:

(i) hw > p®. The exponential decreases very quickly and P(()]izz becomes very small. The
quantity pv?/2 can be thought of as a kinetic energy communicated by the pulse to the
oscillating particle. It must be much smaller than the ground state energy fiw/2. This regime
is independent of V4.

(i) Vo < pov?. That is, the height of the pulse is much smaller than the kinetic energy it

communicates to the oscillator. Under this assumption, it is trivial that P(()}i)z < 1. This
regime is independent of the relation between pv? and hw.

Comment 2. An alternative approach is to integrate in Az(‘i)f first over ¢ and then over . The
easiest way to perform the integral over ¢ is to use that the Fourier transform of the Heaviside
function 0(s) is given by

o
- 1
/ ds €'“? 0(s) =iPP — + 7 o(w).
oo w

This implies, after making the change x + vt = s, that

o

. ' 1

/ dt it O(z 4 vt) = eTi®/v |4 PP — + 6 (wri)
—00 (,Ufi

Since by assumption wy; is different from zero, the Dirac delta does not contribute and the principal

part can be removed. Hence

/ dt e[ 0(z +vt) — Oz —vt) | = wL (eii“’fﬂ/v +ei“’fﬂ/”) .
—00 fi
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With this, the amplitude in Born’s approximation can be written as

iVe * —iwr;x/v iwpix /v *
Agf:m_;/ do (e g elere/v) g (a) oy (x) (8)

Using for the Fourier transform of the function f(x) at k the notation

F[f(@)] (k) = / Vdw ¢ f(a),

—00

the amplitude in (8) takes the form

v ) i
Agi)f = FILT;]Z ./T[wf(:z;) Vi(x)) (%) + (v —v).

Note that if 1% (z) 1;(x) is odd, the integral (8) vanishes, as we already know. For ¢} () ¢;(z)
even, both terms in (8) give the same contribution.

Comment 3. Consider now
V(z,t) =V [20(z) — 0(z + vt) — O(z — vt) ]

It is very easy to show that in this case transitions occur between states with opposite parity.
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