FAMILY NAME

GIVEN NAME

UNIVERSIDAD

COMPLUTENSE SIGNATURE ID No.

MADRID

Classical Mechanics - Final exam - 16th January 2025
(Time: 3 hours)

1 [2 points] A particle of mass m moves in a central force field whose potential energy is
Vir)=3 Lmw?r?. Write the particle’s total energy. Derive from the latter the equation of motion

for the radial coordinate. Assume that the particle is initially at ro with velocity (#(0) = 0, 6(0) = wp).
For what values of the energy are the orbits closed? Calculate the turning points in terms of the initial

conditions. w and wy are both constant but different.
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2 [1 point]. A body of mass M freely slides down a frictionless slope that forms an angle o with the

floor. A simple pendulum of mass m hangs from the box. Write the system’s Lagrangian. Call s to the

distance of the mass M to the top of the incline.
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3 [1 point]. A disk of mass M and radius 7 rolls without slipping over an incline with slope tan o
(see the figure). A simple pendulum of mass m and length a hangs from its center. Write the system’s
Lagrangian.
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4 [3 points]. Two particles of mass m are connected by an inextensible string of length L going through
two pulleys of negligible size as indiciated in the figure. The pulleys are separated by a fixed distance
a. The mass on the left may only move vertically, whereas that on the right may oscillate sideways in
the vartical plane containing the string and the pulleys. Write the Lagrangian of the system. Find the
Euler-Lagrange equations. Determine the equilibrium points. Are there any stable oscillations about
them? If so, determine their angular frequency. Call y to the distance from the mass on the left to the
left pulley.
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5 [1 point]. Given a dynamical variable F(t, qt(t), -+, q™(t), pr(t),- - ,pn(t)) defined in phase space,
show that its time derivative is given by
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where {F, H} is the Poisson bracket of F with the Hamiltonian H.
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6 |2 points|. A free particle of mass m moves in an inertial frame S along the z-axis with energy

—mcz.

3
2V/2
Compute its velocity ¥ = dZ/dt. A second intertial frame S" moves realtive to S in the z-direction with
velocity ¢/2. Calculate the particle’s velocity as observed from S’.
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