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Classical Mechanics - Final exam - January 15th, 2026

1 [2.5 points]. The trajectory of a particle in a central force field is

70

r0)=to11

where ro and b are constants, and @ is the polar angle. Find the potential energy in terms of r
and of the angular momentum L of the trajectory. Write the trajectory as a function r = »(t) if
initally the particle is at rg. Compute the trajectory’s total energy. Assume that the potential
energy at r — oo vanishes.
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2 [4 points|. A massless spring (of spring constant k& and natural length a) is threaded around a
massless rigid rod. A ring of mass m is attached to the lower end of the spring. The ring slides up
and adown the rod with no friction. The upper end of the rod is attached to the ceiling through
a hinge, so that the whole device may swing like a pendulum. The Lagrangian of the system is

1 : 1
L= 5m(s’2—|—3282) —Ek(s—a)2—+-mgsc059,
where s is the distance along the rod from the hinge to the ring.

Write the Euler-Lagrange equations. Find the equilibrium points. Find the frequencies of
small oscillation about them. Compute the Hamiltonian. Obtain the Hamilon equations.
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3 [1.5 points]. Consider a rigid body on which no external force or torque acts. Use the Euler
equations to prove that its kinetic energy is conserved.
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4 [2 points]|. In reference frame S an event 1 takes place at time ¢ty = 1 in position x; = (0,0, 0).
A second event takes place at (ct2,x2) = (4,1,0,0). Can they be causally connected? In case
they can, find an inertial frame S’ in which events take place at the same position but at different
times. If not, find an inertial frame S’ in which events occur at the same time but in different
positions.

Answer the same question if the events on S take place at

(Ctl,Xl) = (0, 1,0,0) (CtQ,Xg) = (3,5,0,0)
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