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Fisica computacional

Example of computation of local error
for multistep explicit numerical schemes.

Consider the initial value problem
Y (t) = f(ty())
y(0) = yo
Find the local error for the numerical scheme

Ynt+1 = —4Yn + Syp—1 + 0t |:4f(tnayn) + Qf(tnflaynfl)] .

This is a two-step scheme since it provides the numerical solution y,+1 at t,41 in terms of
the solutions y, and y,_1 at the two previous steps ¢, and t,_1. It is explicit since no equation
for y,4+1 must be solved.

The local error e, 1 is defined as the difference between the numerical solution y,+1 and the
true solution y(¢,+1), provided there is no error at previous steps. That is,

en+1 = Yni1 — Y(tns1) for epy=yr—y(ts) =0 k<n. (1)
For the scheme at hand, we have
ent1 = —4Yn + Syn—1 + 5t[4f(ym tn) + 2 f(Yn—1,tn—1) } = Y(tn+1).
Since by assumption y,, and y,—; are equal to y(t,) and y(t,—1), this equation becomes
enit = —4y(tn) +5y(tn = 6t) + 8¢ |4 f (y(tn)stn) +2 f (yltn = 58), b = 6t) | = y(ta +061). (2)

Furthemore, since
St y(ty) =y (tr)

we may write

en+1 = —Y(tn + 0t) —4y(t,) + 5y(t, — dt) + ot [43/(1‘,”) + 2y (t, — 6t) | . (3)



We expand the right-hand side in powers of §t up to order 4. To do so, we need the expansions
of y(t, £ dt) to order 4, and that of y/(t, + dt) to order 3. Using that, by assumption,
yr=y(tx), Y= ¥'(te), yg=y"(tk), ... for k <n, we have

/ &2 " 5t3 " 5t4 " 5
y(tn £0t) = yn & Sty + =y + 5 Ynt o Un + O(6t°) (4)
and
, , ot? o3 4
Y (tn£0t) = yp £ Sty + oy £ = v +O(08). (5)

Substituting now egs. (4) and (5) in eq. (3), we finally obtain
4

h
ensl = v (6)



