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1 [1.5 points]. In a Hilbert space, |1) and |2) are pure states, orthogonal to each other. Consider
in the basis {|1),]2)} the matrix
1 1 iv3
0=~ )
4\-iv3 3

Is it a density matrix? Is it a pure state? If so, write its expression as a superposition of states
|1) and |2).

The matrix g is selfadjoint (0.25), has unit trace (0.25)and satisfies o> = 0(0.25) . It is also positive

semidefinite since, for arbitrary |x) = <Z>, one has

1

(x|e|x) = 7 [lal* + 3 [b]” +iV3 (a*b — ab*)] = % o —iv3b|* >0

W~ |

(0.25). Hence p is a density matrix and a pure state.

Any pure state |¢) = ¢1|1) + ¢2|2) can be written as a density matrix

ccy ac
Oy = .
v ) 20
In particular, for the pure state given by ¢ above, we have

1 iv3
Q—§|1>—7|2>7

modulo an arbitrary global phase (0.5).



2 [3 points]. A system is formed by two particles with spin s; = 3/2 and sy = 1/2 in a uniform
magnetic field B = (0,0, B). Its Hamiltonian is

H = — (7181 +7292)-B,

where S; and Sy are the spin operators of the particles and v # 7o their gyromagnetic ratios.
At ime t = 0 the square S? of the total spin S = S; + S» and its third components S, = S;, + Sa.
are measured, with results 642 and —h.

(a) Write the state of the system [¢(0)) immediately after the measurement.

(b) Find the state [¢(¢)) at time ¢.

(c) Assume that vo = 2v;. If S? is measured at time t,,, = m/(Bv1), what values can be obtained
and with what probabilities?

(a) 6A% = S(S + 1)A? corresponds to total spin number S = 2. In turn, —& = Mh corresponds to
total spin third component number M = —1. In the spin basis |S, M) := %, %, S, M), the initial state
is thus (0.5)

[9(0)) =[S =2, M=—1).

(b) The Hamiltonian is diagonal in the basis |mq, ma) := |%, %, mi, ma),
eigenvectors:  |my, ma),
H = —(y S12 +7252.) B,
(71512 + 72 52:) { eigenvalues: By ms = —h (y1m1 +y2m2)B

(0.5). To find the time evolution of |¢)(0)), it is convenient to write it in terms of states |m1, ms). Using
the Clebsch-Gordan coefficients tables, we have

6000 =15 =23 = =1y = [ s =~ ma = <51 | ==, ma = 1)

(0.5). Since |m1 = —%, Mo = —%} and |m1 = —%, Mo = %> have energies h(y1 +v2)B/2 and h(3y; —
v2)B/2, it follows that (0.5)

3 . 1 ..
l(t)) = \/; e i(n+72)Bt/2 ‘ml _ _%’ My = _%> n \/; o—i(371—72)Bt/2 ‘ml _ _%, my —

(c) At time t = t,, = 7/(By1) and for 79 = 271, the state is

3 T
|w(tm§72:271)>:\/;e sin/2 ’mlz—%a m2=—%>+\/;€ in/2 ‘m1=—%7 my =

Using again the tables of Clebsch-Gordan coefficients to go back to the basis |S, M), we have

|¢(tm;72—2’71)>—i\/i {\/E\S—Q,M——l>+\/1|5—l,M——1>}
—i\/i [\/i|S:2,M:—1>—\/E\S:l,M:—Q]

iv3
- |S=1,M=-1)

[N

).

DO

i



(0.5). A measurement of S? at this time may only give (0.5)

1 3
6h% with probability 7 2h? with probability 1

3 [0.5+1.5 points|. The energy levels and wave functions of an electron in a Hydrogen atom in
a constant magnetic field B oriented in the positive z direction are given by

1 Z2%2 eB
Efloml me = 47T€0 2a0n + hw (my + 2my) In, £, mg, msg), w = o (1)

Assume that hw < e?/4megag. Consider a system formed by two electrons in such a potential
that do not interact with each other.

(a) Find the system ground state, its energy and its degeneracy.

(b) Determine the first order correction in perturbation theory to the ground state energy due to

an electron interaction

o? e?

H; = S1-Ss.

"2 4meq |x1 — Xo|

Here o &~ 1/137 is the fine structure constant and S; and Sy are the electrons spin operators.

HinT. The Hydrogen atom ground state wave function for a nucleus with charge Ze is

73 1/2
P100(x) = <> e~%r/ao ri=|x|, ag = Bohr radius .

3
Tag

The following integral may be useful

—(ly1l+ly2l)
/ d3y1/ d3y2 - = 2072,
R3

(a) (0.5) In the ground state, both electrons have n = 1, £ =0, my = 0 (and s = ). One of them
has ms = —1/2, and the other one has ms = 1/2. According to Pauli’s exclusion principle, the ground
state is then

|'¢)0(152)> = |:|]-70)Oa %>1 |150707_%>2 - |170905 %>2 |150707_%>1:|

1

V2
1

= E |17070>1 ‘170a0>2® [|msl = %7 ms2 = _%> - ‘msl = _%7 ms2 = %>] .

It is nondegenerate and has energy



(b) Change now from the spin basis |ms1, ms2) associated to {S?, 83, Si., S2.} to the basis |S, M)
associated to {S?, 83, S2, S.}, with S = Sy + Ss. Since

1
50, 8=0) = = [[ma= 4, ma= 1) = [ma= b ma=1)].

the ground state can be written as (0.5)

90(1,2)) = | ¥100(1) ¥100(2) ) ® |S=0, M=0).

Noting that S;-So = % (S2 - 82— S%), the first order correction to the ground state energy due to the
perturbation H7 is given by

B = (4o(1,2) | Hr | 40(1,2))
{/d‘q’xl /d3 P100(x1)* Pr00(x2)* } <S:O, M:O‘%(SQ 282 ‘ S=0, M:O>

|x1 — x2

47r60h2
(2)

To compute the orbital integral, use 1)199(x) above and make the change x = y. This gives

2Z

Y100(x1)? th100(x e~ (yil+ly2) 57
/d3x1 /dS ) Py, | Py, =
|x1 — X2 32724y — ¥yl 8a0

=

The spin part (0.5) in eq. (2) is calculated using

1 2 2 2 h’2
<S,M‘7(S fslfSQ)‘s, M>:?[S(S+1)—51(51+1)—82(82+1)].

For sy = s9= 5 and S = 0, this gives —5 h2 Altogether (0.5),

1502 Ze*  15a°
32 dmwegay 327

B = EO ~ E<o>

4 [2 points]. Consider a system formed by four non-interacting electrons in the Hydrogen atom
like potential of exercise 3, so that the one-particle states and energy levels are given by eq. (1)
and Hj is neglected. What is the ground state energy of the system and its degeneracy?

The energy of the ground state is obtained by filling one-particle eigenstates in accordance with
Pauli’s exclusion principle while keeping the total energy at its minimum. Two electrons will be allocated
in the states |1,0,0,4) and [1,0,0,—3), and will have energies (0.5)

Z%e? Z%e?

Ey=— — hw By =—
0 87‘1’600,() ’ ! 87T60(10

The other two will go into states with n = 2. The table



/ ‘ my ‘ ™M ‘ my + 2mg
0 0] —-1/2 -1
1| —-11]-1/2 —2
1 0] —-1/2 -1
1 1] -1/2 0
collects all one-particles states with n = 2 and mgy = —%. We have restricted ourselves to mo = —%

since states with n = 2 and mg = % have my 4+ 2mg > 0 and the table already contains three levels with
negative my + 2myg. The third electron will then be in a state (2,1, —1, —%> (0.5) with energy
1 Z2%e?

E3=—=
3 4 87T60a0

— 2hw .

Finally the fourth electron will be either in a state |2, 0,0, —%> or |2, 1,0, —%> (0.5) and will have energy

1 ZQ 2
By=— ="
4 871'6()(10

All in all, the ground state has degeneracy two (0.5) and energy

5 Z%e?
Er=F +F+FE3+FEy = —; ¢

— 3hw.
2 87‘(600,0

5 [1.5 points]. The Hamiltonian for a particle with spin % in a magnetic field B is
H=-~vS-B

where 7 > 0 is the particle gyromagnetic ratio. Assume that B has the form B = (B,,0, B,),
with By, B, > 0 constant. If |+) and |—) denote the eigenstates of S.. Use the variational method
to find an upper bound to the ground state energy taking as trial wave function

[(0)) = cosO |+) +sinf |-), 0<6<m.

Noting S = (7/2) o and

om0 ) =3 oo ) =) =)

the Hamiltonian and the trial wave function are written as (0.25)

m=-3 (0 5) . o= () w1

The variational energy function is then

E0) = W = _oh [Bx sin(26) + B, cos(29)]

(1 (0) | (0)) 2



(0.75). In its domain [0, 7], E(0) is a smooth oscillating function with extrema at (0.25)

dB(6) = —yh [By cos(20m) — B.sin(20,) | =0 = tan(20y,) = &
do g B,

Since By, B, are both positive, 26, must be either in (0,7/2) or (m,37/2). For 260y, in (0,7/2), both
sin(260y,) and cos(26y,) are positive, so that E(6y,) is negative. For 20y, in (7/2,37/2), it is the other
way around; both the sine and the cosine take negative values and E(fy,) is positive. Hence 26y, in
(0,7/2) is a minimum and 26y, in (7/2,37/2) is a maximum (0.25).

Alternatively one may study the sign of the second derivative at § = 6,,. Using that

2E B2
& d@ge) = 2vh [ By sin(20m) + B c0s(20m) | = 27h B cos(20m) <B‘; * 1)’
0=0m :

it is clear that the second derivative has at 26y, the same sign as cos(26y,). Hence 26, in (0,7/2) is a
minimum, and 26,, in (7/2,37/2) is a maximum.

The variational method then gives the bound

yh B2 ~vh B2 vh
El,) = —— 20m) B |1+ >22 ) =—--B,4/1+ =2 = —-—"—|B|,
() = =57 cos(20m) <+B§ 2 Ty B
(0.5) where use has been made of
1
2,
e



