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1 [3 points|. The Hamiltonian of a particle with spin s =1 is

A B
where L and S are the particle’s orbital angular momentum and spin operators, and A and B
are constants with units of energy.

(a) Find the energy levels and the allowed values for the quantum numbers on which the energies

depend.

(b) The system is initally in a state characterized by the quantum numbers ¢ = 2, my = 0,
ms= 0. Find the state of the system at time ¢.

(c) If the initial state of the system is as in (b), calculate the probability to obtain +%A in a
measurement of the third component of the orbital angular momentum performed at t = T'.

In terms of the total angular momentum J = L + S the Hamiltonian reads

A

B
ZW(JZ—LQ—SQML—JZ.

h

In the coupled basis {LQ, S? J?, J.} the energy levels are for s =1
A
Evn =5 [J(J+1)—€(+1)—2] +BM,

where ¢, J and M may take the following values

i)£=0,1,2,...
20 J=4+1,¢,—-1 for £=1,2,..., and J=1 for £=0
3)M=—J~J+1,....,0—1, J.

The system’s initial state is

[(0))y =[(=2,s=1,my=0,mg=0) ={use 2x1 Clebsch-Gordan coefficients table }

\[w_zs_l J=3,M=0) \/>|€—2s—1 J=1,M=0).

From now on we omit from the notation the quantum numbers ¢ = 2, s = 1. The sates |J, M) on the
second line in the equation above are eigenstates of H, so their time evolution is stationary with energies



Fo3zo = 2A and FEo1g = —3A. At time ¢ the system is then in state
3 _oiAt/n 2 siat/n
l(t)) = ge | =3, M =0)— 36 |J =1, M =0).

To calculate the probability of obtaining a given value when measuring L, it is best to go back to
the decoupled basis {L?,82, L., S.}. To do that, we again use the 2x 1 table:

3 1 3 1
00 =3 0[5 = 1= 1) =00 = =1, 4
2 3 2 3
—\/;eglAt/h ”E |mg = +1, ms:—1>—\/;|mg:0, ms:O>—|—\/T0 Imy = —1, mS:—l-l)}

\/g —2iAt/h 3iAt/h

_?(e —e )(\mg—+1,m$——1)+\mg——1,m$—+1))
3 _oiat/n 2 siaun _ _

+<5e +5e )\mg—O,mS—()).

The probability to obtain +A for L, at time ¢ = 7" is then

]

_ o—BIAT/2h _ 51AT/2h
25

2:2 '2(5AT)‘

3 . .
Py (L2, +h) = ‘ { (einAT/h — eglAT/h) 55 S (5




2 [2 points|. A system is formed by two non-interacting electrons in a Coulomb potential
produced by a charge Ze at the origin. The system is in a state of which the following is known:

(1) Tts energy is E = F4 /2, with E; the ground sate energy of an Hydrogen-like atom.
(2) The orbital angular momentum squared of the system is 6A2.

Find the states in which the the system may be in the basis of the total orbital angular momentum
L = L; + Ly. Determine the total spin of the system ans its third component.

Ayuda. The eigenenergies of an Hydrogen-like atom are F = E; /n?.

In accordance with (1), the quantum numbers ny and ny are given by
7:724’7 = np=ng=2.

The orbital angular momentum quantum numbers ¢; and {3 of the electrons may then be 0 or 1.
From condition (2) we have that the system’s total orbital angular momentum number L is such that
L(L +1) = 6. This gives L = 2 and implies that the system is in a total orbital angular momentum
state |L = 2, Mp) with My = -2, —1, 0, +1, 42 as possibles values for its third component. Since
L =2, both ¢ and ¢5 must be equal to 1. The 1x1 Clebsch-Gordan table shows that the all the states
|L = 2, Mp) are linear combinations of states |my,, my,) that are symmetric under my, <> my,. For the
total wave function to be antisymmetric, the latter must then be antisymmetric under ms, <+ mg,. Now,
the composition of two spins s1 = sg= % gives a triplet |S = 1, Mg), whose three states Mg = —1, 0, +1
are symmetric under mg, <> msg,, and a singlet |S = 0, Mg = 0), which is antisymmetric. This selects
the singlet

1
1S =0, Mg =0)= ﬁ (|m51 = +%7 Mgy = _%> — |ms, = _%7 Mgy = +%>) )

so the system may be in any of the states
|L=2, ML> ’SIO, M5:0>, Mp=-2,-1,0, +1, +2,

with total spin S = 0 and total spin’s thrid component Mg = 0.



3 [3 points]. Tha Hamiltonian of a particle with spin 3/2 is H = Hy + H, with

w

H
077

(82 —2nS.), Hr=XMS,, <1
and w an angular frequency.
i) Find the eigenenergies Hy, their degeneracies and their eigenvectors.

2i) Find the ground state energy of H up to first order in perturbation theory (that is, unper-
turbed energy plus first order correction).

3i) Find the first excited state energy of H up to second order.

The eigenvectors and eigenvalues of the unperturbed Hamiltonian Hy are

311 3
EO = hw(m? -2 ©)y = = =, -, =, —=.
O = (mt—2m), ) =lsm) =i |m),  m=5, 55 =5
Hence
. pO _po _ 3 _ : _ 3y (1.
ground state: E3/2 = E1/2 =1 hw, degeneracy = 2, eigenvectors = |5), | 3);
5
1st excited state: EEOI) =1 hw, degeneracy = 1, eigenvectors = |— %) ;
21
2nd excited state: EEO?? = hw, degeneracy = 1, eigenvectors = |— %) .

The unperturbed state is doubly degenerate. The first order corrections in perturbation theory
produced by Hj are the eigenvalues of the matrix

<<§|H1|§> <§|HI|§>>
H; = .
(L1 H13) (31HI|3)

Using Sy= 3 (S +5-) and Si|s,m) = hy/s(s +1) — m(m £ 1)|s,m £ 1), we have

0 1
H = Y35 .
2 1 0

Its eigenvalues are Eé}; = FAMiwV/3/2, so the ground state energy splits then in two energy levels

3 2
By g = =7 hw {11: \/§A+O(A2)] .

The first unpeturbed excited state is nondegenerate. Its first order correction due to Hy is

1
BY) = (=5 Hr| = }) =0.

At second order the energy correction is given by

112
2 |<m’HI|_§>| B _1 _3 . _\2 lii _i 2
E,l/g— ;1 E(OI)/Q—E,(,S) —{onlym—g, 2(:ontmbute}—)\hw 5 " 16 —16)\hw
m#E—3 -



The first excited state enegy up to second order corrections is thus

() (1) 2) _ 90 1.9 3
E71/2_E,1/2+E71/2+E,1/2+”'_Ehw 1—’—&)\ +O()\) .



4 [1 points|. The variational method is used to estimate the ground state enegy of a sys-
tem with Hamiltonian H. Two different trial wave functions ¢;(A) and 12(\) with the same
parameter A are used. The resulting values are F; = miny(¢1(A)|H |1 (N)) = 3eV and
E5 = miny (2(N)|H|2(N)) = 1eV. Which one approximates most to the exact value? Why?

Since the variational method provides an upper bound to the ground state energy, the closest value
to the exact value is the smallest one, namely Fs.

5 [2 points|. A system has Hamiltonian Hy, eigenenergies Ej,, and eigensates |j, m), where
j and m are the quantum numbers labelling the eigenvalues of the operators J? and .J, of an
angular mmomentum J. At an initial time ¢; = 0 a perturbation V(t) = J,f(t) is introduced,
with f(t) a function of time. Find at first order in perturbation theory the final states |jfmy)
to which the system may have transited after a time ¢ = t; as a result of the perturbation if the
system was initally in state

(a) |jl = 2, , My = 2>a

To first order the transistion probability to a state |j fmy) in a time ¢ is

I . N b
Pi(0,1) = 5 | G mglTaliim) [ a der (¢

o

For this to be nonzero we need (jf, m¢|J;|j;, m;) # 0. Using

Jo =5 (J+ +J-), Jxlgi,mi) = hn/5:(Gi + 1) — my(my £ 1) |, mi£ 1),

N

we have that the final state quantum numbers must be j; = j; and either my = m;+1 or my = m; —1.
This gives for the cases that we are interested in

a) [jf =2,my = 1), since my = 3 is not compatible with j; = 2, and

b) There is no transition at first order since there are no states with j; = 0 and my = £1.



