
Formulario

Medida. Probabilidad de obtener a al medir el observable A en un sistema que se encuentra en el estado |ψ⟩:

Pψ(a,A) =

ga∑

i=1

∣∣⟨ϕai|ψ⟩
∣∣2 , A|ϕai⟩ = a|ϕai⟩, i = 1, . . . , ga , ga = degeneración de a.

Momento angular: J± = J1 ± iJ2,

J2|jm
〉
= ℏ2j(j + 1) |jm

〉
, J3 = ℏm|jm

〉
, J±

∣∣jm
〉
= ℏ

√
j(j + 1)−m(m± 1)

∣∣j m± 1
〉
.

Matrices de esṕın s = 1
2 . Para un vector unitario â cualquiera,

S =
ℏ
2
σ , σx :=

(
0 1
1 0

)
, σy :=

(
0 −i
i 0

)
, σz :=

(
1 0
0 −1

)
, eiθ(â·σ) = cos θ 1+ i sin θ (â · σ).

Autoestados de Sn̂ = S·n̂, con n̂ = (sin θ cosϕ, sin θ sinϕ, cos θ) dirección arbitraria en coordenadas esféricas:

Sn̂|ϕ±⟩ = ±ℏ
2
|ϕ±⟩ |ϕ+⟩ =

(
cos θ2
eiϕ sin θ

2

)
, |ϕ−⟩ =

(
sin θ

2

−eiϕ cos θ2

)
, ⟨ϕ±|Sn̂|ϕ±⟩ = ± ℏ

2
n̂ .

Matrices de esṕın s = 1: Sx :=
ℏ√
2



0 1 0
1 0 1
0 1 0


 , Sy :=

ℏ√
2



0 −i 0
i 0 −i
0 i 0


 , Sz := ℏ



1 0 0
0 0 0
0 0 −1


.

Armómicos esféricos:

Y 0
0 (θ, ϕ) =

√
1

4π
; Y 1

1 (θ, ϕ) = −
√

3

8π
eiϕ sin θ, Y 0

1 (θ, ϕ) =

√
3

4π
cos θ, Y −1

1 (θ, ϕ) =

√
3

8π
e−iϕ sin θ.

Perturbaciones independientes del tiempo H = H0 +HI . Niveles no degenerados H0|ϕ(0)n ⟩ = E
(0)
n |ϕ(0)n ⟩:

En ≃ E(0)
n + ⟨ϕ(0)n |HI |ϕ(0)n ⟩+

∑

k ̸=n

∣∣∣⟨ϕ(0)k |HI |ϕ(0)n ⟩
∣∣∣
2

E
(0)
n − E

(0)
k

, |ϕn⟩ ≃ |ϕ(0)n ⟩+
∑

k ̸=n

⟨ϕ(0)k |HI |ϕ(0)n ⟩
E

(0)
n − E

(0)
k

|ϕ(0)k ⟩ .

Niveles degenerados H0|ϕ(0)ni ⟩ = E
(0)
n |ϕ(0)ni ⟩: Las correcciones E

(1)
n son los autovalores de la matriz H = (HI,ij), con

HI, ij = ⟨ϕ(0)ni |HI |ϕ(0)nj ⟩.

Perturbaciones dependientes del tiempo H = H0 + V (t):

Pi→f (t0, t) ≃
1

ℏ2

∣∣∣∣
∫ t

t0

dt′eiωfi(t
′−t0) Vfi(t

′)

∣∣∣∣
2

, ωfi :=
E

(0)
f − E

(0)
i

ℏ
Vfi(t

′) := ⟨ϕ(0)f |V (t′)|ϕ(0)i ⟩ , f ̸= i

Método variacional: Efund ≃ E(λmin), con E(λ) =
⟨ψλ|H|ψλ⟩
⟨ψλ|ψλ⟩

.

Pozo infinito unidimensional de anchura a centrado en el origen:

ϕn(x) =

√
2

a
cos
(nπx

a

)
, n = 1, 3, 5, . . . ; ϕn(x) =

√
2

a
sin
(nπx

a

)
, n = 2, 4, 6, . . . ; En =

ℏ2π2

2ma2
n2 .

Oscilador armónico unidimensional:

En = ℏω
(
n+

1

2

)
, a|n⟩ = √

n |n−1⟩ a+|n⟩ =
√
n+ 1 |n+1⟩ , [a, a+] = 1,

a =
1√
2

(
αx+

i p

αℏ

)
, a+ =

1√
2

(
αx− i p

αℏ

)
; x =

1√
2α

(
a+ a+

)
, p =

iℏα√
2

(
a+ − a

)
; α =

√
mω

ℏ
.

Atomo de hidrógeno: ψnℓmℓ
= Rnl(r)Y

mℓ

ℓ (θ, ϕ), En = − Z2e2

(4πϵ0) 2a0n2
, 4πϵ0 = 1 en unidades gaussianas.

Integrales útiles:

∫ ∞

∞
dxe−ax

2+ibx =

√
π

a
e−b

2/4a, a > 0, b reales.
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43. CLEBSCH-GORDANCOEFFICIENTS, SPHERICALHARMONICS,

AND d FUNCTIONS

Note: A square-root sign is to be understood over every coefficient, e.g., for −8/15 read −
√
8/15.

Y 0
1 =

√
3

4π
cos θ

Y 1
1 = −

√
3

8π
sin θ eiφ

Y 0
2 =

√
5

4π

(3
2
cos2 θ − 1

2

)

Y 1
2 = −

√
15

8π
sin θ cos θ eiφ

Y 2
2 =

1

4

√
15

2π
sin2 θ e2iφ

Y −m
ℓ = (−1)mY m∗

ℓ 〈j1j2m1m2|j1j2JM〉
= (−1)J−j1−j2〈j2j1m2m1|j2j1JM〉d ℓ

m,0 =

√
4π

2ℓ+ 1
Y m
ℓ e−imφ

d
j
m′,m = (−1)m−m′

d
j
m,m′ = d

j
−m,−m′ d 1

0,0 = cos θ d
1/2
1/2,1/2

= cos
θ

2

d
1/2
1/2,−1/2

= − sin
θ

2

d 1
1,1 =

1 + cos θ

2

d 1
1,0 = − sin θ√

2

d 1
1,−1 =

1− cos θ

2

d
3/2
3/2,3/2

=
1 + cos θ

2
cos

θ

2

d
3/2
3/2,1/2

= −
√
3
1 + cos θ

2
sin

θ

2

d
3/2
3/2,−1/2

=
√
3
1− cos θ

2
cos

θ

2

d
3/2
3/2,−3/2

= −1− cos θ

2
sin

θ

2

d
3/2
1/2,1/2

=
3 cos θ − 1

2
cos

θ

2

d
3/2
1/2,−1/2

= −3 cos θ + 1

2
sin

θ

2

d 2
2,2 =

(1 + cos θ

2

)2

d 2
2,1 = −1 + cos θ

2
sin θ

d 2
2,0 =

√
6

4
sin2 θ

d 2
2,−1 = −1− cos θ

2
sin θ

d 2
2,−2 =

(1− cos θ

2

)2

d 2
1,1 =

1 + cos θ

2
(2 cos θ − 1)

d 2
1,0 = −

√
3

2
sin θ cos θ

d 2
1,−1 =

1− cos θ

2
(2 cos θ + 1) d 2

0,0 =
(3
2
cos2 θ − 1

2

)

Figure 43.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974).


