1 Mathematical formulation of QM

In the following pages the postulates of QM are formulated and the basic mathematical background
behind them is very briefly discussed. In the Quantum Physics I course they were covered (ignoring
spin) for the case of a particle in a potential, with physical states being described by wave functions.
Here a more general abstract presentation is given, applicable to a generic quantum system.

B —— Formal mathematical background.
No discussion of existence, domains, etc. +— W

B — Elementary.
May be skipped. +— B

B — Beyond the scope of this course. Included for future use if wished.
The examples given are useful though. «— B

These are personal notes. Although I have revised them several times, they may contain, and I am
sure they do contain, mistakes and errata. Use at your own risk!



1.1. Physical states of a quantum system.

Postulate I. At each time ¢ the state of a physical system is described by an element 1 (t) of norm
one of a separable, complex Hilbert space.

B — Reminder on Hilbert spaces. A complex Hilbert space H is a complex vector space
equipped with a scalar product that is complete with respect to the norm induced by the scalar product.
The different terms in this definition stand for the following:

e 1 is a complex vector space if for all ¥, ¢ in ‘H and all a, b complex, ay) 4+ be is in H.

e A scalar product is a mapping

-]y : HxH —C
(6, 9) = (V)
such that
1) (|¢) >0 and (¢|tp) =0 if and only if ¢ =0,

2) (x| (a¥ +bg)) = a(x|¥) + b(x|¢), and
3) (¢lv)* = (¥]¢).

Note that properties 2) and 3) imply that
((ay + bg)|x) = (x[(a) +b))" = a™ (x[¥)) +b" (d]x) - (1.6)

e The scalar product induces a norm
91 == vV {¥[) .

This norm generalizes the concept of modulus and defines a distance d(1), ¢) between two arbitrary
vectors 1, ¢ as

A, ¢) = [lv — 9l

e A normed vector space (H, (:|-)) is complete if every Cauchy sequence in H converges in . In other
words, if for every sequence {¢,} in H such that d(¢pn, dn) — 0 when n,m — oo there exists x
in ‘H such that d(¢n,x) — 0 for n — co. Completeness is not a very restrictive requirement in
the definition of a Hilbert space, since every non-complete normed vector space can be enlarged
to make it complete.

Postulate I demands the Hilbert space H to be separable. This is equivalent to saying that H
admits a countable orthonormal basis. That is, there is a numerable (not necessarily finite) set

{‘rbn}nel with <¢n‘¢m> = Onm

such that any v in H can be written as
Y= Z CnPn
n

with ¢, = (¢|¢,) the Fourier coefficients.

QPII - 09/20/2023 - F. Ruiz 2



A detailed discussion of the mathematics behind these brief remarks lies outside the scope of this
course and will not be presented here. For our purposes it is enough to keep in mind that a sepa-
rable Hilbert space is a vector space with a norm and an orthonormal countable basis. This is the
generalization of Euclidean vector spaces R™ to complex vector spaces with finite or infinite dimension.
«~— N

Example. The space

L*(R) = {f R — C such that /Ooda: |f(@)]* < oo}

of square integrable functions from R to C is a separable complex Hilbert space. The scalar product of
f with g, both in L?(R), is given by

oo

(flo) = [ do @) g(o).
(o)

The integral here is understood in the Lebesgue sense, but we will not worry about this in this course.

As an orthonormal basis one may choose for example the eigenfunctions of the Hamiltonian for the

harmonic oscillator, but there are others.

Comment. One of the major problems in the quantum description of a system is the characteriza-
tion of the Hilbert space of its physical states. For the systems that we are going to be considering, the
Hilbert space will either be given or very easy to find.
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1.2. Observables.

Postulate II. Every observable attribute of a physical system is represented by a linear self-adjoint
operator that acts on the system’s Hilbert space.

B — The operator A: H — H (¢ — Av) is linear if it satisfies

A(e1h1 + coha) = c1 A1 + ca Aty

for all 91,19 in H and all ¢q, ¢y in C.
The adjoint of the operator A is an operator A™: H — H (¢ — AT4))such that

(p|AY) = (AT ¢lp) for all o, pEH.
An operator A is self-adjoint if A = A", ie. if

(p|AY) = (A¢ly) for all o, peH. PR

Example. The position, momentum and energy of a particle moving in one dimension in a conser-
vative potential V'(x), Hilbert space L?(R), are represented by the self-adjoint operators

position: — X, with Xu¢(z) = z¢(z),

momentum: — P, with Py(z) = —ih%?/}(:c),
R d?
energy: — H, with Hy(x) = |— %@+V($) P(z).
Notation. In QM it is customary to use the notation
Y = )
Ay = Alp)
(0|Av) = (AToly) — (dlA). (1.7)

In eq. (1.7) it is understood that A acts on the right as A, and on the left as its adjoint AT. In other
words,

(P]A = (ATy].

We will use the same letter to refer to an observable and the linear self-adjoint operator that represents
it.
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1.3. Results and probabilities of measurements.

Postulate III. The only possible result of the measurement of an observable is one of the eigenvalues
of the corresponding self-adjoint operator A. If a measurement of the observable in a system in a
physical state |¢) is made, the probability of obtaining the eigenvalue ay, is

PI”Obw(A, an) = Z ‘<am|w>’2 ) (1.8)

i
where |ay,;) are all the orthonormal eigenstates of A with eigenvalue ay,,

A|am> = an|ani> . (19)

Example. In an hydrogen atom in a state

[Y) = (J100) + |210) + [¥21-1)),

1
V3
the only possible results for the measurement of the third component of the angular momentum are 0
and —h, with probabilities

> 1] 2
Proby,(L,,0) = (Y, — ==,
o(L2,0) 22%| Pl \ | -
Proby (L2, —h) = > _ [{Y; '[¢)[? ‘ — -
=1
Projection and measurement. B — The spectral theorem, which we give without proof,

states that the eigenvectors of a (compact) self-adjoint operator A that acts on a Hilbert space form an
orthonormal basis. That is, the solutions {|auy;)} of

A|anz> - an|ani>
form an orthonormal basis,
<Oém'|04mj> = (Snm (Si]' . +~—n

The index ¢ here has been introduced to emphasize that the eigenvalue a,, may have multiplicity larger
than 1, so that are several eigenvectors associated with it. The eigenvectors of a given eigenvalue a,
can always be linearly combined so as to end up with orthonormal eigenvectors, which we have denoted
by |api). Any physical state |1)) can then be written as a Fourier series

’w> = <Oém|w ‘am |am amW} (110)
; Cni Z
This equation is the generalization to Hilbert spaces of the decomposition
N
v = Z(ai-v) a;
i=1
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of a vector v of RY in terms of the orthonormal basis {a;} associated to the eigenvalues of an orthogonal
matrix.

In eq. (1.10), the Fourier coefficient ¢,; = (an;|t)) is the component of |¢) in the direction of |c,;).
Multiplication of ¢,; with |au,;) gives the projection of the state [1)) on the direction of |ay;). So

PA,m' = ‘am><anz’ (111)

is actually a projection operator on the direction of |ay,;). The projection operator on the subspace
spanned by {|an;)}; is the sum

PA,an = Z |anz> <anl|
i

Let us check that Py ,, is indeed a projection operator. For this to be case it must satisfy
(i) idempotency, and
(ii) that the sum of all projectors be the identity.

The first one follows from

PA,an PA,am = Z |am> <ani|amj><amj| = 5nm Z |am><am| = 5nmPA,an
N——— .

b 5'rm’r7,5'ij ¢

As for the second one, since eq. (1.10) holds for any [¢) in H, it follows that
> lami)(ani =Y Paa, = 1. (1.12)
ni n

The probability of obtaining a, when A is measured can then be written as

Proby(4,an) = 3 [{anil)

= D _laml) (ami)” = 3 (Wlami){omilt) = (1Paa,|¥).

(2

Exercise. Show that

(l¥) (@)™ = o) (¥l
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1.4. Physical state after a measurement.

Postulate IV. If a system is in a state [¢)) and a measurement of an observable A is made with
result a,, immediately after the measurement the system is in the state

1
N P a . 1.13
|1/}> ||PA,anw|| A, n‘¢> ( )

This is the most controversial postulate of QM. It is commonly known as “the collapse of the wave
packet” and is motivated by experimental results. If one prepares many identical systems in the same
state 1) and makes a measurement of observable A on them, it is observed that different results a,
are obtained, each with probability |(¥)|Pa 4, [¥)|?. This is what Postulate I1I states. If, in a system in
which the value a,, is obtained, immediately after the measurement a second measurement is performed,
it is observed that the result is always a,, with no probabilistic distribution. This is what Postulate IV
asserts, and the equation in the box is the mathematical expression of this statement.

Indeed, if the right hand side of eq. (1.13) any basis element |ay;) with k& # n were present, the
probability of obtaining in the second measurement the result a; would be different from zero. Note
finally that the sate |¢) has unit norm, since ||Pj4q,%|| is the norm of Py, [¢).

Eq. (1.13) states that measuring observable A with result a,, is equivalent to projecting the ket |v)
representing the system’s physical state on the subspace associated to the eigenvalue a,.
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1.5. Time evolution of a physical state.

Postulate V. In the time interval between two consecutive measurements time evolution is described
by the Scrédinger equation

. d
ih— [(8) = H(#) [$ (@),

where H(t) is a self-adjoint operator, called the Hamiltonian of the system.

Comments

1. The observables of a system are represented by operators that are constant in time, unless the
experimental devices that measure them explicitly change in time. If this is the case, the operators
representing them should contain the change.

2. When H (t) does not depend on time, it is usually called the energy operator and is the observable
representing the energy of the system.

3. The Schrodinger equation is deterministic. That is, given the quantum state |1(¢o)) at time %o,
its solution gives the quantum state |1(t)) at any other time ¢. This does not contradict the probabilistic
interpretation of QM, since any measurement at any time t is governed by postulates III and IV.

4. In contrast with position, time in QM is not an observable but a parameter.

5. Using Scrodinger’s equation it is trivial to show that the norm of physical states does not change
with time,

d

o WO(©) =0.

6. The Schrodinger equation admits stationary solutions

(1)) = e F/0 g)

with time-independent |¢), if |¢) and E solve the eigenvalue problem

H[p) = E|¢).

Since H is self-adjoint, its eigenvalues E;, are real and its eigenstates {|¢,)} form a basis of the Hilbert
space.

7. It is very easy to check (do it as an exercise) that the expectation value in |¢(¢)) of an observable
A(t) satisfies

m% W) A(L) [p(t)) = ()| [AE), H()] [ (8)) + ik (3 (1)) %Et) l(t)) . (1.14)
The observable A(t) is a said to be a constant of motion if
L d
[A®), H(B)] +ih = A(t) = 0.

Note that then the expectation value of A(t) in any [¢(t)), given by the left hand side of eq. (1.14),
vanishes. Hence the name.
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8. The necessary and sufficient condition for two self-adjoint operators A and B to commute is
that there exists a basis of vectors which are simultaneous eigenvectors of both of them. If this is the
case the corresponding observables are said to be compatible. Denote this basis by {|ab)}. If every
element |ab) spans a one-dimensional subspace, we say that A and B form complete set of compatible
observables (CSCO). If not, we look for a third observable C', compatible with A and B, such that
every |abc) spans a one-dimensional subspace. And so on.

We say that the observables A, B,C, ... form a complete set of compatible observables if

i) The corresponding operators commute.
ii) The basis formed by the simultaneous eigenvectors {|abc...)} is unique up to phases.

iii) Condition ii) fails if one observable is removed.

9. In conservative systems the Hamiltonian does not depend on time, so it is itself a constant of
motion. Every other operator that commutes with it and does not depend on time is also a constant of
motion. In such systems one usually looks for complete sets of compatible observables taking as starting
point the Hamiltonian.

Examples. {LQ, L.} is a CSCO on the Hilbert space of square integrable functions defined on the
sphere. {H,L? L.} is a CSCO on the Hilbert space of the Hydrogen atom.
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1.6. Canonical quantization.

Postulate VI. For a physical system with Cartesian coordinates qq, ..., gy and corresponding conju-
gate momenta py,...,pn, the operators Xi,..., Xy and Py, ..., Py that represent them must satisfy
the commutation relations

[XZ',XJ'] =0, [Pi, Pj] =0, [Xl', Pj] = ifi(;ij.

We already know that for a particle in a one-dimensional potential in a state described by the
wave function ¢ (x,t) position and momentum are represented by the self-adjoint operators X =

d
(multiplication with ) and P = —ihd—. It follows that [X, P] = ik, which provides a realization of the
x

postulate.

Things in general are not that simple and this postulate gives a general law for observables having
a classical analogue. Let us see an example. If a system has an observable with classical expression
A(qi,---,qN,p1,---,PN; t), the corresponding operator is obtained by replacing the variables ¢; and p;
with the operators X; and P;. This, however, may not give a unique result and, moreover, may lead to
operators that are not self-adjoint. Think for example of the observable xp for a particle moving in a
one dimension. Classically, there is no distinction between zp and pz, but quantum-mechanically X P
and PX are different, since XP — PX = ih. Moreover, neither X P nor PX is self-adjoint. A practical
prescription, justified by experimental evidence, to deal with classical observables of this form is

Zf] qi;t)pj = 22 fj Qi t pj+p]f] Qi t 22 fj P—}—Pf](X)]

This rule yields operators that are formally self-adjoint. If applied to xp, it gives
xp — = (X P+ PX),

which is clearly self-adjoint.

In classical mechanics, the generalized coordinates and their canonical conjugate momenta satisfy
the Poisson brackets

{gi,pj}rB = 0i;
The prescription

Classical mechanics — Quantum mechanics

L14,B)

A B
{7 }PB — 7

leads to the commutation rules in the postulate and is known as canonical quantization.
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1.7. Uncertainty relations.

If many identical systems are prepared in the same physical state [i)) and the observable A is
measured, according to Postulate III, different results are obtained, each with a certain probability. The
uncertainty or standard deviation that characterizes the dispersion of the results is

Ay A =/ (0](A = (A)y V).

This can be rewritten as
Ay A= /(A% — (A)7,

Exercise. For a system in a quantum state |¢)) and two observables A and B show that

1

AyAAGB = |(WI14, B][v)].

o |
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1.8. Unbounded operators

Equations (1.10), (1.11) and (1.12) only make sense for bounded self-adjoint operators, whose eigen-
values form a discrete set. There are relevant observables whose self-adjoint operators are unbounded
and have a non-countable set of eigenvalues and eigenfunctions. For such operators, egs. (1.10), (1.11)
and (1.12) as they currently stand do not make sense. In what follows we discuss how to modify the
latter.

To fix the ideas, consider the position and momentum of a particle moving in one dimension. If we
use wave functions 9 (x), their eigenvalues and eigenfunctions are the solutions to the equations

(X0)(@) = (@) = M(e), (PY)a) = i 2D = ).

Modulo integration constants, their solutions read
etpz/h
x)=0(x—N), ) = , 1.15

with real arbitrary eigenvalues A\ and p. These solutions exist in the sense of distributions but not as
functions. Note that there is a continuum (non-countable) set of eigenvalues and “eigenfunctions”.

Denote by |x) an eigenstate of X with eigenvalue z, and by |p) an eigenstate of P with eigenvalue p,
Xlx) = zlx),  Plp) = plp).
A natural generalization of the orthogonality condition {(ay,|am) = dpm is
(zl2) = 0(z —2"),  (lp') =d(p—p').

For the projection operators on the subspaces associated to the eigenvalues z and p, we write the
continuum analogues of egs. (1.11),

P, = |z)(z| and P, = |p)(p|,

and of egs. (1.12),

[dzle)iel =1 and [ dplpiol =1.

If the particle is in a physical state [¢), its expansion in terms of the eigenfunctions of the position
operator, i.e. the analogue of the Fourier expansion (1.10), is

v =/ Zdyely) ).

Multiplying with (3/| and using (y/'|y) = 6(y' — y) gives
(W'|v) = c¥).

In the same way that the set of Fourier coefficients {¢,} determine the physical state in the discrete
case, the function c(y) determines the physical state when this is written in terms of the eigenstates of
the position operator. Let us now look at the probability that a measurement of the position gives a
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value in [z, 4+ dz]. On the one hand, Postulate III in eq. (1.8), or rather its continuum generalization,

gives
T+dx

Prob(X, d) = / dy (gl ? = | ()2 da

T

On the other, if instead of a generic [1)), a square integrable wave function is used to represent the
physical state, the probability is given by [¢)(x)|? dz. Hence we conclude

(@) =¥(z). (1.16)

Note that the probability of finding the particle is 1, since

1= [Tl = [~ deltelo = wil| [ dclaya]jv).

—0o0 —00 —0o0

Take now an eigenstate |p) of the momentum operator P with eigenvalue p and form (p[¢). Inserting
the identity [dz|z)(z| = 1, one has

@w—/MM@mw (1.17)

Now, we have already argued that (z|¢)) = ¢(z). As for (p|z) we have that, according to eq. (1.16),
(x|p) is the wave function of the eigenstate |p) of the momentum opertator P with eigenvalue p, given
in the second equation in (1.15),

6—ipz/ﬁ

() = {olp)” =

All in all,
e—ipz/h

(plv) = /dm NorT ¢(x) = Fourier transform v (p) of (z) . (1.18)

As a consistency check, note that

o) = [ "z (pl) (alp') = / S Ry Y

0o o0 2Th

Comment. These statements can be more rigorously made using spectral theory.
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1.9. Density matrix

Consider a state described by an element [1)) of a basis specified by the simultaneous eigenstates
of a complete set of compatible observables. This state is unique up to a phase, and we have maximal
information on it. States of this type are called pure states. Examples of them are the eigenstates
|t)nem) of the Hydrogen atom.

It may well occur, however, that we only have partial information on the state. For example when we
only know the probabilities py,...,p;,... that the system be found in the pure states |¢1),...,|¥5), ...,
with ) . p; = 1 and 0 < p; < 1. A state of this type is called mixed state, since different pure states
participate in it.

Remark. The pure states |i;) that enter a mixed state need not be orthogonal; they may be pure
with respect to different complete sets of compatible observables. Think of an electron in a state of
which it is known, one, that the probability of finding it with spin 1/2 in the z-direction is 1/2, and,
two, that the probability of finding it with spin 1/2 in the z-direction is 1/2. The eigenstates of o, and
o, are both pure states, yet they are not orthogonal to each other.

Comment. Another way to understand this distinction between pure and mixed states is the
following. To make statements on probabilities, an ensemble of N identical systems is needed. If all of
them are prepared in the same state, the ensemble is said to be prepared in a pure state. If however
they are not all in the same state but N; of them are in the state |¢;), with ), N; = N, the ensemble
is in a mixed state.

Since the projector [1;)(1;| picks the component along [¢;) it seems plausible to describe a mixed
state by the operator

o= pili)(il, pi>0, > pi=1, (1.19)

called density matrix or density operator. This by itself does not say much. We must supplement
it with a prescription to compute in terms of ¢ the expectation value of any observable. To do this,
we note that the expectation value of an observable A in a mixed state is the statistical average, with
weights p;, of the expectation values of A in the pure states |1);),

<A>mixed state — sz' <¢1|A|wz> .

Now we choose a basis {|¢,)} of the Hilbert space and introduce in this equation the identity as

1:2 |pn ) (dn]. This gives

n

(A)mixed state = sz bil Alpn) (dn i) sz Gnlthi) (Yil Adp) = tr (0A). (1.20)

We thus conclude that g, together with (A), = tr (¢A), represents a mixed stated.

B — In the last equality sign in eq. (1.20) we have used that the trace of an operator B is
given by

n
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Note that this definition is independent of the basis used, since if {|x;,)} is a different basis, we have

tr (B) = Z<¢n|B|¢n> = Z<¢n‘B‘Xm><Xm|¢n> = Z<Xm|¢n><¢n|B|Xm>

nm nm

Z Xm|B|Xm,) - «~—n
m

Properties of the density matrix.
(i) tr (o) = 1, since

tr(e) = Y (nlpilthi) (il ¢n)

ne

_szmmsn (fnltpi) = szz/;zwz Zp,-:l.

(ii) 0 # o and tr (¢?) < 1. Indeed, in general we have
0" =) pipjlvi) (Wilvs) (5] # o (1.21)
ij
Note that if g is a pure state, all the p; vanish except of one 4, say ig, for which p;, = 1. In this case

0? = p trivially. If the states |¢;) form an orthonormal set, then (1;|¢);) = &;; and again p? = p. This
is however another realization of pure state, as we discuss below. As for the trace of ¢?, it is clear that

szp] ¢n|wz><wz|¢]> ¢]‘¢n szpj w]|¢n><¢n|wz><wz|w]>

nij nij

=D pip il (Wily) = Y pimy [(iley)
ij ij

2
< S pas il = (L) =1,
ij i
where we have used the Schwarz inequality

(alB) < llall?IBII*.
(iii) o™ = o, since |1);) (1| is self-adjoint and the p; are real.
(iv) (xlelx) = X pil(x[¢i)[* > 0 for all [x).

Criterion for purity. As already mentioned, for a pure state, o> = p. This criterion make it
possible to distinguish pure from mixed states.

Example. Fourier exapansions as density matrices. Assume that {|¢,)} are the elements of
a basis associated to a CSCO. The linear combination

V) = ch|¢n>v = (PnlY) , Z|Cn|2

is a pure state since we have maximal inofrmation on it, modulo a phase. Its realization as a density
matrix is

cicy ccy - cac,
* * *
cac] c2¢5 - cacy,
Q =
cpC] CpCsy -+ cpch
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First we check that o? = p, so that, according to the purity ctiterion, ¢ describes a pure state:
(0%)ij = ij-matrix element of o* = Z CiCLCkC; = ¢ic; = ij-matrix element of o
k
And now let us show that the expectation value ()| A|)) of any observable A in [¢)) can be written as

tr (0A). Using that the matrix elements of A in the basis {|¢p,)} are App = (dm|A|pn) we have

(0A)i; = ij-matrix element of pA = Z cicy, Akj
k

= 57 (10 (wlon) (oAlo) = e S foudonl = 1| = (wlales) o).
k k

Taking now the trace, we conclude the argument

tr(0A) = > (0A)i = Y (| Algn) (dileh) = (| A]) .

(2 7
Note that ¢ can be written as o = [¢) (1|

B — Any self-adjoint operator B on a complex Hilbert space such that (x|B]|x) > 0 for all |y) in
‘H is called positive semidefinite. If B is positive semidefinite, all its eigenvalues are > 0. Indeed, for b
an eigenvalue of B with eigenvector |3), we have

B|B) =blp) = 0<(BIB|f) =b{5|B) =b. <«— W

To include mixed sates in Postulate I, this is reformulated as

Postulate I’. To every system there corresponds a separable, complex Hilbert space H. Every
physical state is described by a linear operator o, called density matrix, that satisfies the following
properties:

ot =0, tr(o)=1,  (Plojp) >0 forall ) in H.

Eigenvalue problem for the density matrix,

olnk) = ak|nk) - (1.22)

Since g is self-adjoint, its eigenvectors {|n)} form an orthonormal basis. Furthermore, since g is positive
semidefinite [see property (iv)], its eigenvalues are g > 0 and satisfy

L=tr(o) = (melolme) = ar(melne) =D ax (1.23)
k k

k

Using now 1 = Z |ni)(ni] and eq. (1.22), we conclude

o=0> Im)ml = aln)ml, «>0, Y a=1 (1.24)

This is analogous to eq. (1.19) but with pairwise orthogonal projections:

Qi = |ni)(mil, QiQj = i, Whereas
P; = |v;)(¢i], PiPj not necessarily = d;; .

QPII - 09/20/2023 - F. Ruiz 16



Let us illustrate our discussion of density matrix with two simple examples.

Example 1. Same density matrix, different mixtures of pure states. Let us give an example
of the ideas just explained. Consider a system with two-dimensional Hilbert space C2. A mixed state is

prepared with weights
3 4

plz?v p?z?v

w=25(1) . = (p)-

The corresponding density matrix is, see eq. (1.19),

3 G ) 100k D)

This matrix ¢ has eigenvalues and eigenvectors

1/v10 6 3/V10
, 771>=< ); @=z, |772>=< )

relatives to the pure states

1
QI:§ _3/m 7 1/@

hence can be recast [see eq. (1.24)] as

1 (1/V10 (1 3>+6 3/v10 <3 1)
0=z T = T = = T = ="
7\3/v10) \V10 * v10/ 7 \1/y10) \V10 = V10
We thus have two mixtures of pure states for the same density matrix. This is turn confirms that we do

not have maximal information on the mixed state, since we do not know with certainty the participating
states.

Example 2. Consider in the two-dimensional Hilbert space C? the eigenstate |z,) of S, = 50z

EIES \2 (11) )

This is a pure state and can be represented by the density matrix

1/1 1
Q1=|$+><1’+|=§ 1 1)

Consider now the eigenstates |z4) and |z_) of S, = gaz with eigenvalues +h/2, given by
1 0
=(5) ==(1).

(lz) (2] + |z-)(z—]) =

with eigenvalue /2, given by

and form the mixed state

N

02 =

For these densities matrices we have:
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e The same probability of obtaining +//2 in a measurement of S.. Indeed, noting that the latter is
the statistical average, with the corresponding weights, of the probabilities of obtaining +//2 in
the participating pure states, we obtain

h 1 h 1
PI’Ole (SZ, :l:g) = 5 s PI'Ong (SZ) Zt§) = 5 .

e The same expectation values of S, and S2, since

1/1 ONAR2/1 O
2 _ 2\ _
<Sz>92_tr(9252)_tr 2(0 1) 4 <0 -1

This in turn gives the same uncertainty in a measurement of .S,

h h
A91SZ:§, Ng S, ==

[\]

e Different probabilities of obtaining £//2 in a measurement of S,. In particular, we have

Prob,, (SZ,JFS) =1,  Prob,, (sw,—g) —0,

h 1 h 1
Prob,, (Sm,+§> — 5. Proby, (5 —5) ==
This shows that g1 has a definite orientation along S,, whereas go does not.

e In fact for the uncertainty in S, we have

1 /1 1Nk /0 1 K
(Se)or = tr (e182) =t |5 (1 1)2(1 0)} T2
1 /1 O\Ah /0 1
<SI>92ftr(ggS$)ftr 5 (0 1)2<1 0)} =0
1 /1 1\ B2 /0 1\}]| #m?
2 _ 2\ __ - - —_
171 0\ 12 /0 1\°] &2
2 _ 2\ __ - - -
and
h
ApSe=0,  ApSp=7.
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The state p; represents a polarized along the z-direction beam of spins, whilst ¢y represents and
unpolarized beam.

B — Other (non-examinable!) issues on density matrices.

Once the density matrix eigenvalue problem has been solved, one may now go further and consider
an orthonormal basis {|¢y)} different from {|ng)}. These two basis are related by a transformation

|¢k> = Zukn|77n> 5 (125)

where the coefficients ug, cannot be arbitrary but must satisfy

Okt = <¢k|¢l> = Z<ukn77n|ulm77m Zukn Ulm 7]n|77m Zuln ukn (1-26)

nm nm

Let us arrange the u,j in an infinite-dimensional matrix U,
U = matrix, with matrix elements u,, .

The product AB of two matrices A and B has matrix elements (AB);; = Y, ainbnk. Set B = AT and
use that the adjoint of a matrix is the complex conjugate of its transpose, so that b, = aj,,. This gives
(AAT )y, = Y, aimaj,,, which for A = U is the right hand side in eq. (1.26), so condition (1.26) can then
be written as

1=UU".

Multiplication with U~! from the left and with U from the right yields
1=UU" & U'=U" & 1=U"U. (1.27)
Analogous arguments to those given above show that eq (1.27) can be recast as
O = Zuln up, < U Yn=u, < o= Zu;';l Unk - (1.28)
n n
To invert eq. (1.25), we multiply it with wj;, sum over k and use eq. (1.28), thus obtaining

) = uiilow) - (1.29)
K

An operator U satisfying condition (1.27 is called unitary, and the transformation (1.25), whose inverse
is given by (1.29), is called unitary transformation.

Substituting the change (1.29) in the expression (1.24) of the density matrix g, we obtain

0= Z%Mk (| = Z k|t @) (U Om | = anm|¢n><¢m| .

knm

where p,,,, are given by

k
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For n = m we have
G >0 = ppy = Zk q1c|unk|2 >0
1 =tr (Q) :annn

The quantity pp, is the probability of finding the system in the state pure |¢,) and is called the
population of the state |¢,,). For n # m, ppm, is in general a complex number and is known as coherence.
It accounts for the interference effects between the states |n,) and |n,,) when these are expressed as
linear combinations of states |¢;,).

} = 0<pu <1,

Probabilities of measurements in mixed states. The probability of obtaining an eigenvalue a
of an observable A in a measurement is the statistical average, with weights p;, of the probabilities of
obtaining a in each participating state in the mixture,

Prob,y(4,a) = ZPz‘(’lMPA,aWﬁ = ZPz‘(%le’aWQ
=D ;wmm<oq|PA,a|wz~>
= 2{: Zpi<aI|PA,a|¢z‘><1/)z‘|PA,a|OéNI>
= (er|PaaoPaa
T

=tr (PA,aQPA,a)
=tr (QPA,a) )

Oé[>

where we have denoted by |a) the orthonormal eigenvectors of A with eigenvalue a, and have used the
cyclic property of the trace, tr(ABC) = tr(CAB).

Mixed state after a measurement. Consider a mixed ensamble described by the density matrix
0. Recall that this a statistical ensamble formed by identical systems prepared in, in gerneral, different
states. Suppose that observable A is measured and select those systems which give as outcome of the
measurement the eigenvalue a. We may now ask what is the density matrix describing the ensemble
that results from this filtering measurement.

To answer this question, look at a system in the ensemble in the pure state |1;). In accordance with
Postulate III, the probability of obtaining a from this system is

Pay = Prob (4, a) = (| Pao|ti) = | Paalvi) ||

If p, is zero, the system does not participate in the emerging ensemble, but if it is nonzero, it participates
and in accordance with Postulate IV, after the measurement the system collapses to a state [¢}),
, 1
[¥i) = [i) = 75— Paalvi)-
[1Paal

After the measurement, we thus have the following ensemble

P al|¥i ,LP a
o= pi )il — Y pipe 5 ) (WilPa,

IPaal)ll |1 Paala)ll
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The p, in the numerator cancels the denominator and we are left with
0— Pag (Zpiw»w > Paq = Paq0Paa.
i

Finally, to have a physical state we must normalize, i.e. divide by the norm tr(P4 ,0P4,4) = tr(0Paq).
We conclude that the mixed state that results from the measurement is

PA,a IQPA,a

QO — QA ‘= .
“ tr(oPaq)

For mixed states, Postulates III, IV and V also change their form. From our discussion above,
Postulates IIT and IV now read

Postulate III’. If a physical system is in a state described by the density matrix o, the probability
of obtaining in a measurement of observable A one of its eigenvalues a is

Prob,(A4,a) = tr(gPAﬂ) .

Postulate I'V’. If a physical system is in a state described by the density matrix g, and a filtering
measurement of an observable A for its eigenvalue a is made, the system after the measurement is in
a mixed state with density matrix

o PA,aQPA,a

QA = .
“ tr(QPA,a)

With very little extra work it is easy to arrive at Postulate V for mixed states, which replaces the
Schrodinger equation with the von Neumann equation to account for time evolution. This will be
covered in the Quantum Mechanics course next semester. <+— Bl

QPII - 09/20/2023 - F. Ruiz 21




1.10. Composite systems and entanglement

Two systems 1 and 2, with Hilbert spaces H1 and Hs, can be put together to form a composite
system. The Hilbert space of the resulting system is the tensor product Hilbert space H = Hi ® Ha,
formed by ordered pairs

V1) @ [1o) := |[¥1)|2) == [ih1tb2) with |1) € Hi, [¢2) € Ha.

Let us recall some properties of tensor products. For any complex number a, one has

a (1) @ o)) = (alvr)) @ [va) = [v1) @ (alya)),
(Ix1) +1¢1)) ® [2) = |x1) ® [1h2) + |¢1) ® [t2)
[v1) @ (Ix2) + |92) = [¥1) ® [x2) + |v1) @ |¢2),

The scalar product of two states |¥) = [1)1) ® |[th2) and |P) = |p1) ® |p2) in Hi @ Ha is

(@W) := (|p1) @ |pa), Y1) @ [h2)) = (P1|to1)1 (B2]tha)2

where (|-} and (:|-)2 are the scalar products in H; and Hs.

If {|¢1)} and {|¢2i)} are orthonormal bases of H; and Hs, any element ¥ in H; ® Ha can be written
as

[T) =" i [f1n) © |i) -

States that can be written as the product of one |¢)1) in H; and one |¢2) in Hy are called separable
states. Linear combinations of two or more separable states are called entangled states.

If Ay and A, are operators acting on H; and Hs, the operator A; ® Ay acts on Hi ® Ho as

(A1 ® Ag) ([v1) @ [1h2) = (Ar|tn)) ® ((Azleha)).
Every linear operator C' acting on H; ® Ho can be written as
C= ZcijAli ® Agj,
ij
with Aj; and Agj operators acting on H; and Hs.

An observable Ay acting only on subsystem 1, is represented by A; ® 1, with

(A1 @1) ([v1) @ [1h2) = (Arler)) @ [¢ha),

and similarly for As = 1® As.

Consider a density matrix ¢ of the composite system and an observable A; of subsystem 1. The
expectation value of Ay in the state o is

tr (A1) = Z<¢2i¢1n\QA1|¢1n¢2i> = (b1l <Z<¢2i|lg|¢2i>)A1¢1n>|a : (1.30)

nu n 7
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We introduce partial traces of p over Hy and Hs as

tryy (0) = D {dinloldrn) = 0y truy (0) = Y (dailoldzi) =: on, -

n (2

The two resulting quantities are called reduced density matrices. Note that taking the trace over
a subsystem amounts to ignoring the information on that subsystem. The reduced density matrix oy,
thus describes the state of subsystem 1 when the information about the rest of the system is ignored.
Coming back to tr (0A41) in eq. (1.30) we have

tr (QAl) = try, (QH1A1) .

Because of the loss of information, if the density matrix p that we start with describes a pure state
of the composite system, its reduced density matrices may be a mixed state. This happens in particular
when the state of the composite system is an entangled state. Let us see an example.

Example. Consider a composite system with Hilbert space H = C2 ® C2. For the two subsystems
consider the bases formed by the eigenstates of o, and f o,

U= (o) == () 1o (=5 (1) =5 (B) )

With the convention

V1w
(m) <w1> v1wy
vV = w = VRW = ,
U2 w2 VW1
VW2
the tensor product basis is formed by
1 1 0 0
| > 1 |1 | > 1 |-1 | > 1 {0 | > 1 0
24X4) = — Zyx_) = Z_Xy) = — Z_x_) = —

o V210 + V2 0 + 211 2 1
0 0 1 -1

Assume that the composite system is in the entangled state

1
) = ;5 (Jzs24) +|z—z2)) = % }) .
—1

The density matrix that describes this state is

1 1
1| 1 1 -1
41 1 1
-1 -1

Note that o> = p, so that, according to the purity criterion given earlier, o is a pure state. We already
knew this since we have maximal information on |¢). The reduced density matrix of subsystem 1 is the
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partial trace
o1, = tra, (0) = (zylolz4) + (z—olr—) = (w1 [¥)(Y[r4) + (2 |[P)(Y|z-)
= 5 (=) el + 1)

This does not describe a pure state, since Q%l # 094, Half of the times subsystem 1 is the pure state
|z4+) and the other half is in |z_).
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