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UNIVERSIDAD COMPLUTENSE DE MADRID
FACULTAD DE CIENCIAS FISICAS

Curso 2022-2023

Examen Final Ordinario de Matematicas E

Nombre y Apellidos:

Firma y DNIL:

Nota: En esta prueba no se permiten libros o apuntes ni calculadora. La nota total de este examen
son 10 puntos. El profesor no calificard nada escrito en hojas en sucio.

P1

P2

P3

P4

P5

[2pt] Sea f(z) = tanh(z + 1) — tanh(z — 1) definida para todo = real (o sea, diferencia de
tangentes hiperbdlicas)

a) Determinar si f(z) es par, impar o no tiene paridad definida en torno a z = 0.
b) Calcular los limites de f(z) cuando z — oo
c) Determinar y clasificar los extremos absolutos y relativos de f(z)

d) Representar f(z)

[3pt] Calcular los cuatro primeros términos no nulos del desarrollo en serie de potencias en
torno a z = 0 de las funciones

a) —1++v1+z
b) sin(—1 + /1 + z).

Nota: El problema puntuard [2pt] si s6lo se calculan los tres primeros términos no nulos de
ambas funciones.

[Lpt] Suponiendo que | cos z| # 1, calcular la suma de la serie Y o0 | (cos z)?"

[2pt] Sea {an} la secuencia definida recursivamente por a;j =1y

l+4da, ++v14+24a,
16 !

A1 = n > 1.

i) Suponiendo que esta secuencia tuviera limite, calcular su valor. ii) ;Cuél serfa el valor del
limite si a; = 0 en lugar de a; = 17

[2pt] Calcular el valor de la integral

w/6 1
= f dx 7"
0 cosv
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Important: Books or any other written material are not allowed during the exam. Calculators
are not permitted. The total score of this script is 10 points. The professor wont mark anything
written on scrap paper.

P1 [2pt] Consider the function f(z) = tanh(z + 1) — tanh(z — 1) defined for every real number z
(note that the function is a difference of hyperbolic tangents)

a) Determine if f(z) is even, odd or neither around z = 0.
b) Find the limits of f(z) when z — o0
c) Determine and classify the local and global extrema of f(z)

d) Plot f(z) over the whole real axis.

P2 [3pt] Find the first four non-zero terms of the power series expansion about z = 0 of
a) —-1++V1+z
b) sin(—1 4+ V1 + z).

Notice that the problem mark will be [2pt] and not [3pt] if you calculate only the first three
non-zero terms.

P3 [1pt] Suppose | cosz| # 1. Evaluate the sum of the series >"°° , (cosz)?"

P4 [2pt] Define the sequence {a,} recursively by a; =1 and

1 48s 4413+ tn
16 ’

An+1 = n 2 1.

i) Assuming that has a limit, calculate it.

ii) What would be the value of the limit if a; = 0 instead of a; = 17

P5 [2pt] Calculate the value of the integral

71'/6 1
I = / dx 7=
0 cos T




@Nrg = Fonal,, Preswe, Metitivelrel
FOL2~T2O00

@ leAdz fouln (w0 — ML'\ACF-\}

Oh\ CC%«\ YO Ve bog conr el g ¢ o od o

¥ ¥
=t € -e
; ______ £ 4,. —-\_Mb\\'{;?; .e“""—-te“y
; e --( \\CMACLQL?Q'
We see ik,
L=¥i= L@KL\L-7€+(\ _ el Cﬂ\ﬁ_t\
= *“"‘“*"‘(V"‘\) L Aol (\é—e(\
wgay =
OOLHL& ¥ = £e)
By v elenubC s Lo ENN i
. X 2
Md“ (JJ\WLHNJ
o Q-@U-klf\( —H\ \ﬂM\/\(“‘F*—l\)
N R -
T e
= ‘ﬁ**‘/e
=19
o AR Leg] =X
(¢)

,@(\{S\ EE Z\-a__itf\,i\_ . _:_:_——:—-_——-—'_Ifi—'_/r .
oA ¥ UM‘Y_\‘T@L/ It P

S ave) - Tt il

it Al AL
\‘ \
{ th:::&\/\ N Lroaxore ok (of owu—u',]
{

f@@ e palelin !Eov l\



G owee o &ﬁﬁﬂu)h@
ot PO g ul) e =D
T 3 vaed f
g :
Y W\:\?—\F laui A <A
(k=
i ..l CWL\/\YI 4/\ Y,
§ 2 A &4 4
ey A
[~=D 0 £ W= A
- 2+9Ml/\4c s
[5'wfkﬁ¥fun T iAo l—-*LUAL\‘ﬁnga
e it o=t be
| o LEeED dmcirtn\ we«shﬁ 0\
ft - Gl ¥ \-U»Q (e
:E_}:;‘Q\AMB \

(“/U ’7> m \)L\{Q*’k P\""Pﬂx’]\\" [:b\.‘v (e L‘L
et ¢ Mu_wd ol o uw»»g

WU . dauwloe S

P it 3 W= | If %
- L/\(\f—u\ N e [ (et
et
=S el ey e lenil >0
L .
Tesiiekon 0f A1 UL e tw(ﬁ(a
PO N > (B i d -
' '\—‘c\-&u‘/\a lalni b
. - V/\‘wd.,w% Yy _ Yeurlny —teunn A
L /\’k4ik¢dﬂflblxlb\4 /N — Yot e tauld
AU R v 2
A= ladlirny fouh

£ ﬁﬂTXE’Eﬁ¥IZIQuLFGOOLSleAzo]3q 3 (®6EE0H§&L@ =30USVRIVATT! |riaprs.es| 3
S| st/ zer 'y } QedtTHUATF 8AM@uten - - AFF#] —po ! e*\n O<yIonI.onddnesH]—N«-JultnIse



=
Aok wre =Y = ( 4 hauh A= L%l”\‘t“*ﬂ/\/\(mu\\é%
Y
_ [igptfe oty wudpladi|(ostee o)
- Qlanbd — 2 Jepile 3 b |
ol x

RN %
_ .\__J _ evenr b~

‘—2 &-ét{/\{/\/\
L s S A
i U'Z X S f _____ -
G g . S A
e | } o
£ cel 5 - u NECele gr=pt
Tod 0] A
‘\//—‘\.,
(=> oWl (= COﬁlA(‘f‘“L\
S0 s W (RN ‘\/D“’“LM :
) [A e Q/Q, : (=N
2 sl € T RTIT Ta ,
o (2 LS\ Slhletll= cnln (v-)
el A > Jah. > OF
(A
2an ¢ 2telaA
(et | /
NS ( (0)
CC o Ao e AL Lo :5]

M v=0 0t
ol et o fauhd . TV et ol wo
'o&oC;OL,U}R LU O C tS‘MG\Wd O~ C—Vot w]
y BuT dreswet SPEY )



A \_1)0‘\* cQ @(}c)

Lumnpe =€
u/ (WQW{
ERROR: syntaxerror T \
OFFENDING COMMAND: --nostringval-- ; ‘ l )
’D ot o w_ﬂ wee d
Govelit i A0 ¢ N\
(\,o-“v o | Ko/

| v Nz ) 72 L L .
_wﬂ?: (1)7“* ’L)x_{:?) ey (PT
y v =YalYe LI P
iy 91

wr=vz) . -

- t
hY( - E W
I A

} hE\ERIEZ) ¢

Al (2%
T
: 2 bt B A
o J e W — =
=1t "> 5 L = 16 i \ 2% 2
____ODO-
3 S Sl
Q.,’\/\L-\ = fit. = 9—— s — - ~7 U=0
3\ -4,
e (e e et ‘?dm
= X 7(2(- x> iycd—k - =P
Ty l6 |28 x>0
= il
) _ W3 e -
HAul = 3 St
_fd % g ¥ = Sox }
R R 3
A (\__zfsf Z‘}ﬁ._i_wc?‘ﬁ--ﬁ ooy
G ek a2 > (2 g 6 e ok
%\Q(‘f“wkg < - " \(,.Z S U/o‘l‘
Ko ¥ [ 2~ T Mulm
e L sttt 7 fe polieve e
“\)W‘”‘/\'“t"“re/‘ * \\W” (_up.(,(/‘f



Vo 8wl i e e
128 /B(‘Z 4 7z = TN
PPRT S 1 < S -
(28 %3
e s+
. o L
Q.{bU'( 5 P *Zd’ /1»-—--—-.2? e,

@ E(cm y\lw: ca:}xAr e . Bt -
e __(;h??z([/]—& ww?\étaﬁ\d}é“t - - —'

fr . cosel oé Ll WP 7‘?{4

O’W‘e
Vo s Mjwir\ £ )
OU—??( . = \MLX;COjrCQ‘rC.
- /|~ ¥ <l
';A\ S At 42N x| 1424 An Cus |
‘ L6
) Dty il oo —=® e hduud =
| T o bre it

((JN g Q\A[”Cec,,{,w OL W Ol’\/\l{)

/ S
Loer @) pead Vhezal

1—_{\)\);\ (:—)G-Xj
\ «\-‘l\N/(\UN\f“;(u_(b( L\\A,u -hg VV\>M v




= A2l- A ;\( <24 §

19) T A(=0 y = "/3 afd wa-tll « WwSe becre
e UL Ce - QL ‘o cat cdole L. ‘
Tfj\\"’pqw@“ﬂ B e

N : Vot
= g S
beoo—«wrowmév - er—ﬁz vor BRAR AL e Shonad
S
M R B S e G
‘_,,.\'l')q” e L |k Q*JCYL Hj&)'?
E,ov‘q? i
| B st - R
G GH0F (W)
V’\\,wwvv\JC e (
Il T ST A
_— éf% A C\"’E )& ]E 2 (L'"{"JFL UH)LI
_b o i s B
E 2 (1)



9P zd((*’@}
=TS N S aier
= ‘“_1‘7_ Q’%) |
R
s Bl UH) = (=77
ab
M%\\AV\V‘S
JC:/\ . L\Cé_::l ( m
e
coed & w-286=0 , |A=A
L‘ =B D= 5
L
{7 — ) [ i
Ao e (-6 Ja/og(wcpc____\__]
g; @)% & : [~  Ed,
— A C._.-bo&‘/2i—bogr5/z+ 2?2/_9:(
- |
_ _'\Zf_{,o&gﬁ 3
& apPK & 2
e B ——

(Rure e Coun ur et MR

" p + <L o
t)T‘WﬂL L/Lf—e.tk—t\/\ ¥i ot

o 1

C'o) = [Jro-w\/\(scﬂ\— L@M\A[‘@-‘\)S

oW ) = ewta? [t
ey § ‘ ‘ ' A i (—’L;\Q

et s o dLA\ @uux(:[nu\/\ Lo cor 0L ¢
W\WIM ol  owa  evRY Gun el Ao wee ol R
TOARI: el Tt gebsl 4 Vi TR Andl esnbhnuwong |
thert ¢ Ll =0.



ey

7’) 'P)\ . el slowe whuont €¥£MW«{\\e.€C-
Bt ‘C‘M@C{ e e W epe i
Pamoﬁwl I A 2T Ry STV V. Mc,emh\jb

'3)-) _(\w\ = fauli (e() - \-etutt(\c—-[\ ] ‘
18 evaA, CLMW\uPcu&cL CM’\W‘LM -.(4-., iladog §o ThiA
wpau s (ot _C\Gq te oddd ok _P We p e ¢ eI W pN
A eslveons - ' —— ' ?3‘\ e
s lruus L’\ ol ouk odd Curoloo e hove ot

u 5 c—
£re) :O/ u
> o ol e ety G—{? _Q Ge)=0 1§  w= O,



