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CHAOTIC INFLATION

R g
L=|57 15006 —-V(9))V-g.
Equations of motion are
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with the conservation law

¢+3Ho = —V'(¢) (= pyp+3H(py+ps) =0).

Inflation is realized by a (quasi) de Sitter solution H ~ Hp with
a(t) ~ exp [Hot]. It must be wyg = py/ps ~ —1,

_ @ —2v(9)
@+ V(9)

namely the “slow roll approximation” must be realized.

wg ~ —1— |9 < V(9),



SLOW ROLL INFLATION

V(phi) ; V(phi)

H
Ez_m<<1,

such that




Equations of motion in slow roll approximation:
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and we can derive ¢ and therefore H. The slow roll paramters are

given by:
=2 (Vo) - = (Vi)

and must be small during inflation. Inflation ends when
—H/H? ~ 1 (it means 3 ~ 0), namely at ¢ ~ 1. The amount of
inflation is given by the N-fold number

v = [ v

and to solve the problems of initial condition it must be

ai/a9 < 107°, where the anisotropy in our universe is ~ 107°. It
follows (on dS solution) 76 < N; the last data say it is enough
N ~ 55 to have thermalization of observable universe. Thypically,
it is required 55 < N < 65.




VIABLE INFLATION

Some fact about inflation are well-known:

>

Inflation is described by a quasi de Sitter solution where
R~ 12H? ~ M2;;

» We need a graceful exit from inflation (H < 0);

The amount of inflation is measured by N = log [ar/a;] and
55 < N < 65 to solve problem of initial conditions;
The fluctuations of energy density at the end of inflation are
A% (= |6p/pl) =~ 107°;
The Hubble flow functions
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must be small during inflation. The spectral index ns and the
tensor-to-scalar ratio r are given by (at the first order),

€1 =

n5:1—261—62, r:1661,

and the very last Planck data constrain them as
ns = 0.9603 £ 0.0073 (68% CL) and r < 0.11(95% CL).



MODIFIED GRAVITY THEORIES FOR INFLATION
1

=55 y d*xv/—gF(Ruveo R*7, Ry R ...) .
A simple example of modifie dgravity theory is given by f(R):
1= [ g | +1R)
M 2:‘472 ’

where f(R) is a generic function of the Ricci scalar only. the field
equations read

1 matter 1
FUR) (R~ 3Re ) = 2T 1 L, [FR) - RF(R)

+(VuVo — guD)F(R)},  F(R) = R+ 2xk*f(R)

This theories can be used to study inflation.



F(R)-FRIEDMANN-LIKE EQUATIONS

On flat FRW metric the field equations read

3H? (3H? + 2H)
2 = Peff » —T = Peff ,
where
Dot = [(RfR — f) — 6Hfz — 6H2f4 ,
Peff = [(f — RfR) + 4Hfr + 2fr + (4H + 6H2)fR] .

In this case, the Hubble flow functions have to be replaced by the
variables

7 W2 e

U= ST Oty 4T HR



The spectral index and the tensor-to-scalar ratio are given by
ns =1—4e; +2e3 — 264, r=48¢3,
or, in terms of the standard Hubble flow functions €1 , €3,

ns=1—2e, r=486.



CONFORMAL TRANSFORMATIONS IN F(R)-GRAVITY

The (Jordan frame) action of a F(R)-modified gravity theory,

[ eeva[19)
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can be rewritten in the Einstein frame as
4 ~ k 1 PNz
I = /vtd XV=E |53 58 Ouo0yo — V(o) | ,
where

G =c""8w, o= —\/;m[FR(R)], V(o) = F,’(?m—:((g)z.

In this way, we can study inflation from modified gravity in the
scalar field representation.



EXAMPLE: R2-MODEL FOR INFLATION
2p2
/_/ d*x/ = [Wq .

In the scalar field representation we get
I :/ d*x\/—& R _ lgr“”@ ody0 — V(o)
M 2Kk2 2 . ’
2
V(o) = Ly (1- V275

4k2
The inflation is reproduced for large (and negative) values of
o = o(t), such that V(o) ~ v/(4x?), and the FRW metric are

2 .0 s 2 V2r2/30
H ~ 15 3HJ_(@)e ,0~ —4/ K2In[

Here, tp is bounded at the beginning of the inflation and v < MP,.
The field slowly rolls down toward the potential minimum at
o — 07, V(0) = —/(4k%) < 0.

(to —t)].



The slow roll paramters read
4 1 | = 4 1
3(2_e7\/2n2/3a)2 ’ = 3|2_e7\/2n2/3a| ’

For ¢ — —oo this numbers are very small. The inflation ends when
such parameters are of the order of unit, namely at
oe ~ —0.174/3/(2k?). The e-folds number results to be

3ef\/2;{2/3a o; N 1 /2y
=" =T, el <ol

4
For example, in order to obtain N' = 60, we must require
oi ~ —4/3/(2k2)4.38 ~ 1.07Mp;. We also have during inflation

€ =

N ~

3 i 1 2 12
€~ —— ~ — - —, r~—.
4N2 Y /r] N ) N’ ) N'2
Since 1 > ng > 1 —4/0.11/3 ~ 0.809 when r < 0.11, these indices
are compatible with Planck data. For example, for AV = 60, one
has ns = 0.967 and r = 0.003.

ng~1



RECONSTRUCTION OF F(R)-GRAVITY FROM V(o)

Since the relation between potential of scalar field in Einstein
frame represantation and modified gravity in Jordan frame is given

by (**)
_ R R
V)= ER) ~ Fr(RE ~

L (T (VB ST o (5 )
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by taking the derivative with respect to R, we get

B 3 d V(o)
Re(R) = ~2¢2\) 2, & <e2<\/72"”2/3>"> .

As a result, giving the explicit form of the potential V/(o), thanks
to the relation o = —4/3/2(x?) In[Fr(R)], we obtain an equation
for Fr(R), and therefore the F(R)-gravity model in the Jordan
frame. In this process, one introduces an integration constant,
which has to be fixed by requiring that (**) holds true.



V(o) ~ o+ c1 explo] + cxexp[20]: R + R? + A-models

Generalization of R>-model to the case with cosmological constant
(viable inflation):

V(o) = |co + creV?7/37 4 c,e2V2:/30

It follows
R R?2
_a R A p
2C0 2C0

with A = ¢2/(4cp) — c2. Thus, by putting —c1/(2c0) = 1,

Fr(R) =

2

R
F(R)—R—i‘rco‘i‘co—cz.

Interesting cases:
» ¢ = 0: the model admits also the Reissner-Nordstrom-de
Sitter solution with two free parameters.

> o = cp: we recover the Starobinsky model
F(R) = R+ R?/(4co).



V(o) ~ yexp[—no],n > 0: COR%—modeIs
For the potential (**)

Vio)= % (1 /BT 4 LBy
K K

by putting a = —y(n +2), v(~ M3,) > 1, we obtain at the

perturbative level (c; oc 771, ¢ ox y72...)

FR(R < 7) = 14aR+0R%+... Fr(R>7) < L )H" (R>"+l
< ~ C C > ~ | — — .
R Y 1 2 R v 4(n+2) ~
Note: if in the Einstein frame inflation is realized at Rgr ~ 7, in
the Jordan frame Rjr ~ e~V 2”2/3“REF > ~. Thus, the potential
(**) is realized by a model which returns GR at small curvatures
n+2
and F(R) = cOR™1 at high curvatures.
The potential (**) has a minimum at 0 — 0~ when inflation ends;
for 0 — —oo the slow roll conditions must be satisfied.



V(o) = Le V2w B0 12 o Jemn/262/30 n’ 2n

52 ) — 3 ) €= ?7 |77| =
It means, 0 < n < 1. Then,
/5273 2 3 n? [y
He ~ 22 /30 Y s
3Ho 3/1 S5y ne” o0="\53n|3 3(1.‘o—|—t) ,
and
3 a : 3 3
H= 5——, S=H4H= 5" (51 :
n(tp+t)’ a * n?(to + t)? <n2 > >0, (1<V3)

We have an acceleration as soon as € < 1.

3K2 1 N—iln 172\/71? n N1—2—,72 ro~ 16n”
oo n2 |3V30 T3 T3

1
N~ ——\—o0
The result suggests that only the models close to R2-gravity are
able to produce this kind of inflation, since n must be extremely
n+2
close to 0" (we remember F(R) = cgRn+1).




OTHER EXAMPLES

» From the potential

T V22 30/2 2
Vi) = 4/<;2_,<;2 o2 1<y~ My,
we get
R R?
F(R) = 2+6+\[(4R/fy+3)3/2 n

Note that F(R < 7) ~ R+ /2. We can set the cosmological
constant equal to zero, adding a suitable term in the potential
proportional to exp [2\/2/{2/30], which does not change the
dynamics of inflation. The model reproduces a viable inflation
with

1

ex oy =y, me=l-4



» From the potential (**)
2 —
V(o) = w-;e"\/z“2/3“, l<y~M;, 0<n<2,

we get (c; occy oo oxy 72 3 x y73)

FR(R< ) ~ 1+ caR+aR?+aR®+ ..

A=) = (50m0)+ (5amm)

such that models like F(R)=b1R? + by R?~" realize the
potential (**) at high curvatures. The model reproduces a
viable inflation with

3 X L1 12
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Since 1 > ng > 1 —(4/0.11/12)n ~ 1 — (0.0957)n when
r < 0.11, one has that
0.3386 < n< 1,

in order to make the spectral indexes compatible with the
Planck data (i.e. F(R > Mp)) ~ c;R? + c&oR% 1 < ¢ <5/3).

€




CONFORMAL ANOMALY

The renormalizized procedure of the matter field lagrangian at the
Planck scale leads to the so-called conformal anomaly,
2
(1) = (W + 30R) - 50+ R,
W= Cf"’“’C&,W being the'square” of the Weyl tensor and G the
Gauss-Bonnet topological invariant. Moreover, o, 5 and & are

related to the number of conformal fields present in the theory.
For Muper = 4 SU(N) super Yang-Mills (SYM) theory,

N? N?
6an2’ T Toga2
and %a + & =0, but in principle the contribution of the (IR term

could be reintroduced via R?-term in the action, such that we
redefine

(T})=(aW - BG+00R), 0<a,B, §<0.

N>1



R —

CONFORMAL ANOMALY IN F(R)-GRAVITY

The action reads

=53 / d*x\/—g [R+2k*R* + f(R) + 2x*Lqc] , A =

The trace of field equations is («, 5 > 0)
—k? (aW — BG + 00R)—2f(R)+Rfr(R)+30fk(R), 6= —-127 <0

On FRW metric we must have

3 1 )
;Hz = PQCTPMG = Peff s — 3 (2/‘/ + 3H2) = PQCTPMG = Peff s

with the continuity equation

Pest + 3H (pest + per) = 0.

Note that on FRW metric W = 0.



On FRW metric the trace of field equations leads to an expression
for per,

R 1
— Pefft+3Peff = 2 = —BG+6DR+? (2f(R) — Rfr(R) — 30fr(R)) .

Now we can eliminate the pressure in the conservation law, such
that

d .
p (pefra®) = —aa> (—pese + 3pefr) =
[ a3 ) . EPS
— 2% [24533 ) (R + 3HR>] — 25 (2f(R) — Rfg(R) = 30fx(R)) .

whose integration leads to
peit = g +68H" 4 (18H2F + 611H — 3H2) + puc

where

1
2K2
Given pesr, we also have pesr from the continuity equation. We will
put po = 0.

pme = 5.5 (RfR(R) — (R) — 6H*fr(R) — 6Hir(R)) .



APPLICATION TO INFLATION

R
f(R) = —2/\eff [1 — exp <_R0>:| , Ro,/\eff > 0,

namely f(R) ~ —2A0 (R — Rp). At hight curvatures Ry < R,
from the first Friedmann-like equation, by taking into account the
conformal anomaly, we get

) . . A
S H2 ~ 6BH* + 6 (18H2H + 6HH — 3H2) + =
K K
such that
1 8N\efr B2
2 _ eff
Hass = 35,2 lli 1‘3] !

By perturbing the equation above, it is possible to show that the
only (real) unstable de Sitter solution able to describe the inflation
is Hy with Ry < Hfr, such that we require also H2 < R. The De
Sitter solution is determined by the G-contribution (5 coefficient).
Stability/instability depends on § < 0 (R? constribution to
conformal anomaly).



The dynamics of inflation depends on modified gravity. By
pertubing the EOMs with respect to Rys = 12H§5+ one has for
exponential model,

-5 (AH(t) + 3HdsAH(t)> +AH(1) (:2 - 4H§Sﬁ) -

- e_RdS/RO/\eff E o
12Hd5/€2 Ro ’
with the solution

—Ras/Rop\ R 1 -1
AH(t) = Agett — S Deff (TS | o) (2 42
(1) 0€ 12 Hyg K2 Ro + K2 ds/? ’

~3Has £ /9H3s + & (& — 4H3P)

5 5
where A1 is real and positive for our unstable de Sitter solution and
Ao is determined by putting AH(t = 0)=0 at the beginning of
inflation. One finds Ag < 0, such that R slowly decreases during
inflation.

A1p =



N-FOLDS, EoS PARAMETER AND SPECTRAL INDEX

The N-folds follows from the fact Hys| AH(t)| ~ H3s at the end of
inflation. In our case,

—1
2| N R <
N—3 1+ 1+9 » Nefr =
TA\1+,4/1-58¢

where y comes from the R2-term in the action (or R of
conformal anomaly). Here, we have put R4ys = bRy in the model
f(R) = —2Aefr (1 — e~R/R0) under the condition

1+4/1-58¢
l<bhb< —F—
1—,/1-%¢

As an example, for Aer = 1/(88%2) and b = 3, this condition is
satisfied and only the unstable de Sitter solution Rys = Rys. can
be realized. In this case, to obtain A/ > 76, v has to meet the
relation v > 3.8.



By taking into account the perturbations on the de Sitter solution,
one has that during the inflation the effective EoS-parameter reads

Peff 2Rys
—1<WfF<E><—1+ s
© Peff 3RoN

such that the universe is in a quintessence phase (R slowly
decreases).
The slow roll paramters and spectral index are given by

b? eP¢ (b +2) b
~—— 1 ~|—— 1
CTNTT(1-%) <1, ‘ 2/\/'<< ’
L b 6pPer™((b+2)  16b%e"P((b+2)

NN (1-8) TN (1-%)

This expressions may also satisfy the last BICEP2 results, where
r= 0.20f8:8£ (68% CL). For example, if N' =76, for b= 2, 3 and
4, we acquire r = 0.22, 0.23, and 0.18, respectively.



END OF INFLATION AND GRAVITATIONAL COUPLING

In the limit R/Ry < 1, the model is f(R) = 2Ac(1 — e R/Ro) ~ 0.
By perturbing the EOMs we find

1 |Ry(Ry — 2A
AH(t) = cpcos (Bot)®, By = 5 W7
e 0

such that, since § < 0, we must require 2A\¢r < Ry = Rys/b.

The effective gravitational coupling Geg = Gp/ (1 + fr(R)), has to
be positive to correctly describe the interactions between matter
and gravity and in particular Gesf >~ Gy when R/Ry < 1. This is
true if 2N < Rp.

In general, the smaller the effective cosmological constant of the
exponential gravity model is, the better all the viability conditions
of inflation are met. In this way, our model tends to the original
Starobinsky model, which takes into account the conformal
anomaly only (Starobinsky, 1980). However, we have shown how
the presence of a modification of gravity can realize the
perturbations to drive a viable inflation.



HIGHER DERIVATIVE QUANTUM GRAVITY

The starting action of higher-derivative gravity has the following
form,

R
| = /M d*xv/—g <n2 — N+ aR R*™ + bR? + cRes R + dDR) :

where a, b, c,d are running coupling constants. If we introduce

the Gauss Bonnet G and the “square” of the Weyl tensor W such
2 2

that R, R* = G — § + & and Ry, RS =2C2 - G+ &

we obtain

I :/ d*/—g [ﬁz(t,) 3;(?) R? + A(lt,) C? —~(t)G + ¢(f)OR — /\(t’)] ,

where t' = (}/2) log [R/Ro]?, to is a number and Ry = 4A is the
curvature of today universe, A being the cosmological constant.



The one-loop running coupling constants
Mt ,w(t'), w2(t), A(t'),y(t') and {(t') are found from
higher-derivative quantum gravity. They can be written as

A )‘(0) AN
O = aemn “O e
R2(t) = rg(L+ A(0)52t")°77, A(t) = 1+ A((/)\)Oﬁz £/)0-55 7

with B> = 133/10, wy = —0.02, k3 = 167/ M3, Ao = 2AA. The
expressions for w(t'), k?(t') and A(t') are derived by investigating
the asymptotic behaviour of the running constants at high
curvature. However, the derivatives of the coupling constants obey
to a set of renormalization group equations. Here, A(0) is a
number related to the bound of inflation (large curvature), such
that A(t' = 0) = A(0). The form of «(t’') and {(t'), namely the
coefficients in front of G and IR, is given by

() =21 +at), ¢(t')=7C1+cat), an<0,

Y0 ,Co and c; 2 constants. Condition c;yp < will be necessary to
reproduce Planck data.




The model posses a de Sitter solution at

322.762
(22085.2 — 34725.2(d~/dt")) ty(A(0) /)07’

2 2
HdSK’O ~

where (dvy/dt’) < 0, and the solution is always unstable for
inflationary scenario, but, what it is more important, it is able to
reproduce the spectral index and the tensor-to-scalar ratio of the
Planck data thanks to the contribution of the Gauss Bonnet
throught the coefficient ~g. Given the running coupling constant in
front of the GB (t') = vo(1 + c1t’), one has that the model
reproduces the correct spectral index (tensor-to-scalar ratio is very
close to zero) when

—4.61 < ypc1 < —2.98.

For example, for ¢; =1 and 9 = —3 we find ns >~ 0.96740 .



VIABLE INFLATION IN MODIFIED GRAVITY

» Models R/(2xk?) + YR™ + const can reproduce inflation only if
n is close to n = 2.

» Other interesting extensions may be constructed by starting
from quantum effects: for example, we can study inflation in
the presence of trace anomaly,

m

(TH =« <W+§DR) — G+ E0R,

W , G being the “square” of the Weyl tensor and the
Gauss-Bonnet topological invariant in four dimensions. An
other interesting application is the inflation from higher
derivative quantum gravity in the form

R
L=\—g </€2 — N+ aRu R*™ + bR? + cRes R + dDR) :

where k2 >0, A, a, b, c and d are running coupling constants
depending on the Ricci scalar.



