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Gravity is curvature, is geometry.
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En homenaje a Pedro

@ Direct detection of gravitational waves from
a black-hole binary (in 2015)

@ Physics Nobel Prize 2017

@ Measured with a laser interferometer able to
“feel” tiny geometric disturbances

@ Surely, these waves carry energy and
momentum!




@ Equivalence Principle: the gravitational field
% can be made to vanish along any causal curve

@ That implies that the gravitational
En homenaje 3 Pedro energy-momentum can be set to zero
anywhere at will

@ Gravitational energy is not localizable

No ¢,,!
Equivalence principle implies that there is no energy-momentum
tensor for the gravitational field.

There are definitions of “total energy-momentum” for isolated
systems, and other global interesting energy-momentum quantities,
but how to quantify the energy that affected the LIGO/VIRGO
interferometer?




Gravity is curvature.

How does curvature affect
area/volume?




Pauli:Theory of Relativity

In an arbitrary [n-dimensional] Riemannian manifold, [the
volume of a hyper-sphere of radius {] becomes a
complicated function of £. We can imagine it to be
expanded in a power series in ¢ and retain only the [first
non-trivial| term. This gives

R
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[. . . ] Ditfferentiating, one obtains [...] the formula for the
surface of the sphere
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Here, V is the volume of the small ball, A is the “area” of its
boundary, £ its radius, and R the scalar curvature of the space at
the ball’s center.
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is the volume of the unit
n-sphere.
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Introduction

Matter generates gravity
(ergo curvature)

What does matter do to geometry?




The Feynman lectures, vol.2

The rule that Einstein gave for the curvature is the
following: If there is a region of space with matter in it
and we take a sphere small enough that the density o of
matter inside it is effectively constant, then the radius
excess for the sphere is proportional to the mass inside
the sphere. Using the definition of excess radius, we have
A G M < G 4r 63)

Ma=Ll=y\ =3aM|=3230

Here M is the mass inside the sphere, and 6/| 4 is the “excess”
radius to keep the area fixed.




Choose p € M and then choose v € T, M, u'u, = —1
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Choose p € M and then choose v € T, M, u'u, = —1.

@ Take RNC {z#} based at p and adapt them so that u" = 4
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Spatial geodesic balls

Choose p € M and then choose v € T, M, u'u, = —1.
W
U

@ Take RNC {z#} based at p and adapt them so that u* = 4}
@ The spatial geodesic ball lies on the hypersurface ¢t = 20 = 0
and the spacelike geodesics generating it have

zt =rnt, unt =0, = nt=n"d
where 7 is the affine parameter and we set §;;n'n/ =1

w
t=29=0 U
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Spatial geodesic balls

Choose p € M and then choose v € T, M, u'u, = —1.
W
U

@ Take RNC {z#} based at p and adapt them so that u* = 4}
@ The spatial geodesic ball lies on the hypersurface ¢t = 20 = 0
and the spacelike geodesics generating it have

zt =rnt, unt =0, = nt=n"d
where 7 is the affine parameter and we set §;;n'n/ =1

w
t=29=0 U

° are local coordinates on the ball's boundary, n(84)




@ Define the ball at first order by r = ¢ + 6¢(1).




Volume and Area of geodesic balls at linear order

@ Define the ball at first order by r = ¢ + §¢(1).
e Split 6¢() into a spherically symmetric piece §¢; and the part
depending on the direction

7 =10+ 80y + 60,(07).




Volume and Area of geodesic balls at linear order

@ Define the ball at first order by r = ¢ + §¢(1).
e Split 6¢() into a spherically symmetric piece §¢; and the part
depending on the direction

7 =10+ 80y + 60,(07).

@ A calculation at linear order in the curvature gives, for the
volume of the geodesic ball (d is the spacetime dimension)

R ,
v d—2 _ 3\ ._ s(1)
V—-V"=Q4 ¢ ((561 6(d2 — 1)€ ) =0V

where V> = Qq_ 1041 = Q4_5091/(d — 1) is the volume of a
radius ¢ round ball in Euclidean space;




Volume and Area of geodesic balls at linear order

@ Define the ball at first order by r = ¢ + §¢(1).
e Split 6¢() into a spherically symmetric piece §¢; and the part
depending on the direction

7 =10+ 80y + 60,(07).

@ A calculation at linear order in the curvature gives, for the
volume of the geodesic ball (d is the spacetime dimension)

R ,
v d—2 R~ BY s
V—-V"=Q4 ¢ ((561 6(d2 — 1)€ ) =0V

where V> = Qq_ 1041 = Q4_5091/(d — 1) is the volume of a
radius ¢ round ball in Euclidean space;
@ And for the area

R
A—A =Qp 3 ((d=2)00; — ——— ) =514
d—2? (( )61 6d—1)

where A’ = Q4 2092 has the same meaning. R is the
intrinsic scalar curvature of the ¢t = 0 hypersurface at p.




Using the Einstein field equations

@ Note: at first order, the volume and area depend only on the
spherically symmetric "excess" §¢1, and not on the

direction-dependent 6¢;(64).
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(keep the radius of the ball fixed!).
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direction-dependent 6¢;(64).

@ Observe: we recover Pauli's remark by just setting 61 = 0
(keep the radius of the ball fixed!).

@ We also recover Feynman's interesting remark by keeping,
instead, the area A fixed (A = A), noticing that (G, is the
Einstein tensor)

R = 2Goo

and using Einstein's field equations !




Using the Einstein field equations

@ Note: at first order, the volume and area depend only on the
spherically symmetric "excess" §¢1, and not on the

direction-dependent 6¢;(64).

@ Observe: we recover Pauli's remark by just setting 61 = 0
(keep the radius of the ball fixed!).

@ We also recover Feynman's interesting remark by keeping,
instead, the area A fixed (A = A), noticing that (G, is the
Einstein tensor)

R = 2Goo
and using Einstein's field equations !
@ Then
& 81G &
0l =

3(d—1)(d— 2)G°° T 3d-1)(d-2)




@ What is to be compared?
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Variations of area and the energy density

@ What is to be compared?

@ One can keep the radius fixed (6¢; = 0) and then the area
deficit is i
8rG
WAl = -0
oAl A 23— 1)
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Variations of area and the energy density

@ What is to be compared?
@ One can keep the radius fixed (6¢; = 0) and then the area
deficit is
P
A 23— 1)
@ Alternatively, one can keep the volume fixed,
V =V’ =6MV =0, which sets 6¢; = R¢3/(6(d> — 1)) and
then

WAl =~ Too

G 0
ct a2 d? —1

WAl =— Too




Variations of area and the energy density

@ What is to be compared?

@ One can keep the radius fixed (6¢; = 0) and then the area
deficit is

87TGQ 04

A 23— 1)

@ Alternatively, one can keep the volume fixed,
V =V’ =6MV =0, which sets 6¢; = R¢3/(6(d> — 1)) and
then

WAl =— Too

G 0
ct a2 d? —1

@ The area deficit is in both cases proportional to the energy
density (at the center of the ball), but the proportionality
factor is different. What is the correct factor?

WAl =— Too




Variations of area and the energy density

@ In a recent interesting paper (Phys. Rev. Lett. 116 (2016) 201101) T.
Jacobson argued that the correct expression is the second one
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@ In a recent interesting paper (Phys. Rev. Lett. 116 (2016) 201101) T.
Jacobson argued that the correct expression is the second one

@ This correctness is based on the use of a Bekenstein-Hawking
entropy Ac3/4Gh, and on an entanglement entropy which is
stationary for a conformal field theory when the Einstein
equations hold.




Variations of area and the energy density

@ In a recent interesting paper (Phys. Rev. Lett. 116 (2016) 201101) T.
Jacobson argued that the correct expression is the second one

@ This correctness is based on the use of a Bekenstein-Hawking
entropy Ac3/4Gh, and on an entanglement entropy which is
stationary for a conformal field theory when the Einstein
equations hold.

@ He even argued that Einstein’s field equations could be
deduced from the above expressions by assuming an
equilibrium condition for the vacuum entanglement entropy !




@ Thus, the right relation between area deficit and energy

density at first order is taken to be

sWAly =

—gn a
Q- 2—2—T00
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A relationship between area deficit and energy
density!

@ Thus, the right relation between area deficit and energy
density at first order is taken to be

d
WAy = —8E£0,_» Ty

@ Can this relationship between area deficit and energy density be
taken as a guiding principle, valid in more general situations?




What does pure gravity do to
geometry’

T Jacobson, JMM Senovilla, A Speranza, Class. Quantum Grav 35 (2018) 085005
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o If G, = 0 the area deficit §AM) |y, vanishes.
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Area deficit in vacuum

o If G, = 0 the area deficit §AM) |y, vanishes.

@ However, the gravitational field is non-vanishing outside the
material sources and also itself a source of curvature, so that
this “purely gravitational” curvature affects the area too.
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this “purely gravitational” curvature affects the area too.

@ If the relationship between area deficit and energy density is
solid, such a change in area should be related, in one way or
another, to the gravitational energy density
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Area deficit in vacuum

o If G, = 0 the area deficit §AM) |y, vanishes.

@ However, the gravitational field is non-vanishing outside the
material sources and also itself a source of curvature, so that
this “purely gravitational” curvature affects the area too.

@ If the relationship between area deficit and energy density is
solid, such a change in area should be related, in one way or
another, to the gravitational energy density

@ Alternatively, area deficits could help provide a notion of
quasilocal energy for the gravitational field.

@ At second order, the volume of a geodesic ball and the area of
its boundary receive corrections depending quadratically on the
curvature.




@ Given that R, =0, Rag,um

Caﬁ,uu at p.

«0O>» «F»r «=>»

« =



Electric-magnetic decomposition of C,3,,

@ Given that R, =0, Raguy = Capuv at p.
@ Cypuy may be decomposed into their electric and magnetic
parts with respect to u* (we only need them at p)

Ei;j = Coioj “electric-electric”
Hij, = Cujk “electric-magnetic”

Dijii = Ciju “magnetic-magnetic”
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@ Given that R, =0, Raguy = Capuv at p.
@ Cypuy may be decomposed into their electric and magnetic
parts with respect to u* (we only need them at p)

Eij = Coioj “electric-electric”
Hij, = Cujk “electric-magnetic”
Dijii = Ciju “magnetic-magnetic”

@ Note that hijDikjl = E}; and thus
1
Dijri = Fijr + m(Ez’khjl — Ejkhy — Eyhji + Ejihi)

where Fjjj; is spatially traceless (h;; is the metric on the
hypersurface t = 0)




Electric-magnetic decomposition of C,3,,

@ Given that R, =0, Raguy = Capuv at p.
@ Cypuy may be decomposed into their electric and magnetic
parts with respect to u* (we only need them at p)

Eij = Coioj “electric-electric”
Hij, = Cujk “electric-magnetic”
Dijii = Ciju “magnetic-magnetic”

@ Note that hijDikjl = E}; and thus

Dijri = Fiji + d%?)(Ez’khjl — Ejkhy — Eyhji + Ejihi)
where Fjjj; is spatially traceless (h;; is the metric on the
hypersurface t = 0)

@ Observe: Fjji; vanishes in d = 4, in which case D;jy; is
equivalent to Ej;, and E;; and B;; = %ejklﬂikl are simply
referred to as the electric and magnetic parts relative to u®.




@ Define the ball at second order by

r =04 00y + 501(07) + 50y

—_——
o(1)
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The ball at second order

@ Define the ball at second order by

r=10+ 801 4 601(0) + 6y .
—_ =~
o(1) 0(2)

@ 45 is the spherically symmetric piece of the 2nd-order
perturbation to 7: one can prove that this is the only relevant
part for the volume and area at quadratic order in curvature.




The ball at second order

@ Define the ball at second order by

r=10+ 801 4 601(0) + 6y .
—_ =~
o(1) 0(2)

@ 45 is the spherically symmetric piece of the 2nd-order
perturbation to 7: one can prove that this is the only relevant
part for the volume and area at quadratic order in curvature.

e As a function defined on the (d — 2)-sphere, §/; can be
expanded in spherical harmonics. Letting s denote the “spin,”
we have

00
0l = E }/il...isn“ ...nks
s=1

where Y;, ;. are totally symmetric and traceless for s > 1.




Volume of geodesic balls at quadratic order

The volume of the ball at this order (with R, =0 and 6/; = 0) is

e e B
15(d? — 1)(d + 3) 8 2 3
0(2)
o 03 g
Qg o3 | 060y + (d—2) ; ch[?] — mYUEij
0(2)

where ¢, are known constant factors depending on d and s.

(Y[ﬁ] =Y., Y%, E? = FE;;EY, and so on)




Area of geodesic balls at quadratic order

Similarly, the area of the ball's boundary at this order is

QP D? H? FE?
) d—2 2
A_A+15(d21){ < 2+3}
0(2)
> 03d
d—4 2 1]
- - s - —Y JEZ“
+ Qy_ol [(d 2)000y + ;:1 b Y[S] 3(d —1) J

-~

0(2)

where b, are known constant factors depending on d and s.




@ Only the spin-2 deformation gives a different contribution to
the area in curved space than in flat space: the term Y/ E;
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Only spin s = 2 is relevant

@ Only the spin-2 deformation gives a different contribution to
the area in curved space than in flat space: the term Y/ E;

@ Thus, Y[, for all s # 2 cannot be fixed in terms of the local
gravitational field at this order in perturbations, and only the
component of Y;; aligned with E;; contributes differently than

in flat space, hence
Yij = vEij




With this in mind, setting Y3, ;, =0 for all s # 2 and Y}; = vEj;,
and using the explicit value of by, we can rewrite

A = A+ Qq ot (d - 2)050,

0(2)
Qd_2€d+2 D2 H?2 E2 ) ) d
22t T 15y (@2 —3d )~ S
Y s@on | s 2 Ty PeE -3

0(2)




With this in mind, setting Y3, ;, =0 for all s # 2 and Y}; = vEj;,
and using the explicit value of by, we can rewrite

A = A+ Qq ot (d - 2)050,

0(2)
Qd_2€d+2 D2 H?2 E2 ) ) d
22t T 15y (@2 —3d )~ S
Y s@on | s 2 Ty PeE -3

0(2)

The magenta terms give 6(2) A|,, while the red terms are due to the
spin-2 deformation aligned with E;;.




With this in mind, setting Y3, ;, =0 for all s # 2 and Y}; = vEj;,
and using the explicit value of by, we can rewrite

A = A+ Qq ot (d - 2)050,

0(2)
Qd_2£d+2 D2 H2 E2 ) ) d
22t T 15y (@2 —3d )~ S
Y s@on | s 2 Ty PeE -3

The magenta terms give 6(2) A|,, while the red terms are due to the
spin-2 deformation aligned with E;;.
Observe that the magenta terms alone give an expression which is
not negative definite.
(Unless d = 4, where they reduce to —B? — E2/6).




Does §A® provide gravitational energy formula?

Does this formula contain a
quasi-local gravitational energy?




Does §A® provide gravitational energy formula?

Does this formula contain a
quasi-local gravitational energy?

What should we expect as the
correct answer at this quadratic
order, and in vacuum?




Required properties

There are several desirable and expected properties for the proper
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should propagate causally, in the sense that it vanishes in the
entire domain of dependence of any region in which it vanishes




Required properties

There are several desirable and expected properties for the proper
deficit —6(®) A if it is to describe gravitational strength:
© It should be positive definite, zero if and only if Cy5,, =0
@ It must be quadratic in the curvature (that is, in Cog.)
© It should be the timelike component (with respect to u*) of a
tensor field
@ The putative energy —the tensor totally timelike component—
should propagate causally, in the sense that it vanishes in the
entire domain of dependence of any region in which it vanishes
© This causal propagation is known to require the dominant
property for the underlying tensor, which states that the tensor
contracted on any future pointing vectors is non-negative




Required properties

There are several desirable and expected properties for the proper
deficit —6(®) A if it is to describe gravitational strength:
© It should be positive definite, zero if and only if Cy5,, =0
@ It must be quadratic in the curvature (that is, in Cog.)
© It should be the timelike component (with respect to u*) of a
tensor field
@ The putative energy —the tensor totally timelike component—
should propagate causally, in the sense that it vanishes in the
entire domain of dependence of any region in which it vanishes
© This causal propagation is known to require the dominant
property for the underlying tensor, which states that the tensor
contracted on any future pointing vectors is non-negative
Q@ The dominant property also guarantees that the ‘momentum
density’ vector (the tensor contracted on u* on all indices but
one) is future-pointing timelike or null. This momentum
density points in the direction of propagation of the putative
energy ——




Interlude: Bel-Robinson super-energy tensor

There is a unique (symmetric) tensor with the above properties
(JMMS , Class. Quantum Grav. 17 (2000) 2799)2

the generalized Bel-Robinson tensor 7,3, .
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o Ty =FuFr — L9, FnFr° =L (F,,F°+%F,,xF,’)
e T, =T,
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o Ty =FuFr — L9, FnFr° =L (F,,F°+%F,,xF,’)
e T, =T,
077, =0
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o Ty =FuFr — L9, FnFr° =L (F,,F°+%F,,xF,’)
e T, =T,

077, =0

o

1
THPT” r= Zgl“/Tpana

«Or «Fr «=)r «=)»



Recall: the electromagnetic field (d = 4)

® Ty = FupF,f — igqupana = %(FWFVP + *Eyp* FL)P)

e T, =T,

0 T, =0
° 1

TupT” = Zg/prana
]

Turv” >0

for arbitrary future-pointing vectors u* and v” (inequality is
strict if all of them are timelike). This is the Dominant energy
condition.




Recall: the electromagnetic field (d = 4)

Ty = FupFf — %gqupUFpa = % (FupFVP + xEyp* FLP)
T =Ty,
TP, =0

1
TupT” = Zg/prana

Turv” >0

for arbitrary future-pointing vectors u* and v” (inequality is
strict if all of them are timelike). This is the Dominant energy
condition.

VH#T,w = F,,j° and therefore VAT, = 0 if there are no
charge nor currents (j* = 0).




Recall: the electromagnetic field (d = 4)

Ty = FupFf — %gqupUFpa = % (FupFVP + xEyp* FLP)
T =Ty,
TP, =0

1
TupT” = Zg/prana

Turv” >0

for arbitrary future-pointing vectors u* and v” (inequality is
strict if all of them are timelike). This is the Dominant energy
condition.

VH#T,w = F,,j° and therefore VAT, = 0 if there are no
charge nor currents (j* = 0).

This provides conserved quantities if there are (conformal)

Killing vector fields.




Local tensor describing gravitational strength

@ the paradigmatic such tensor is the Bel-Robinson tensor
given in 4 dimensions by

1
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@ the paradigmatic such tensor is the Bel-Robinson tensor
given in 4 dimensions by

1
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Local tensor describing gravitational strength

@ the paradigmatic such tensor is the Bel-Robinson tensor
given in 4 dimensions by

1
7-046/\u = Cap)\crcﬁpua + Capuacﬂp)\g - ggaﬁg)\uCpTUVCpTUV
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1
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Local tensor describing gravitational strength

@ the paradigmatic such tensor is the Bel-Robinson tensor
given in 4 dimensions by

1
7-046/\u = Cap)\crcﬁpua + Capuacﬂp)\g - ggaﬁg)\uCpTaucpTUV

= CoaproeCp"17 +*Capro * Cp" .7

® Tapru = T(aprw)
1 Tpp)\lt =0
°

1
Tapra T = 1907 TopraT" A

° RgAuuavﬁw)‘z“ > 0 for arbitrary future-pointing vectors u®,
o8, w?, and 2H (inequality is strict if all of them are timelike).
This is called the Dominant property.

(Toooo = 0 = Caparu = 0).

® V*Topau = 0 if the vacuum Einstein’s field equations
Rg,, = Agg, hold (providing conserved quantities if there arg
(conformal) Killing vector fields)




@ The Bel-Robinson tensor is reminiscent of energy-momentum
tensors, yet it is not such a thing —it cannot be!
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@ It looks related somehow to the energy-momentum properties
of the the gravitational field, but its physical dimensions (L~%)
are wrong




Bel-Robinson versus energy

@ The Bel-Robinson tensor is reminiscent of energy-momentum
tensors, yet it is not such a thing —it cannot be!

@ It looks related somehow to the energy-momentum properties
of the the gravitational field, but its physical dimensions (L~%)
are wrong

@ is there any relation with gravitational energy?




Quasilocal energy in the small sphere limit (d = 4)

@ Take any of the (many) definitions of quasilocal energy E for
closed surfaces and apply it to a very small sphere of radius 7.
Then one can prove that at first non-trivial order in r one gets

4
FE = ?TgT()o + 0(7“4)
where Ty is the timelike component of the energy-momentum
tensor (in a basis with &y orthogonal to the sphere).
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Quasilocal energy in the small sphere limit (d = 4)

@ Take any of the (many) definitions of quasilocal energy E for
closed surfaces and apply it to a very small sphere of radius 7.
Then one can prove that at first non-trivial order in r one gets

4
F = ?ﬂ-?”gT()o + 0(7“4)
where Ty is the timelike component of the energy-momentum
tensor (in a basis with &y orthogonal to the sphere).
@ But, what happens if we are in vacuum? That is, if 7),, = 0.
@ Then, as first proven by Horowitz and Schmidt (1982)

E = (const.)r>Toooo + O(1%)

where Tgooo is the timelike component of the Bel-Robinson
tensor (the “super-energy density”).




Quasilocal energy in the small sphere limit (d = 4)

@ Take any of the (many) definitions of quasilocal energy E for
closed surfaces and apply it to a very small sphere of radius 7.
Then one can prove that at first non-trivial order in r one gets

4
F = ?ﬂ-?”gT()o + 0(7“4)
where Ty is the timelike component of the energy-momentum
tensor (in a basis with &y orthogonal to the sphere).
@ But, what happens if we are in vacuum? That is, if 7),, = 0.
@ Then, as first proven by Horowitz and Schmidt (1982)

E = (const.)r>Toooo + O(1%)

where Tgooo is the timelike component of the Bel-Robinson
tensor (the “super-energy density”).

@ Analogously, the gravitational momentum vector of a small
sphere leads to Tp; and, in vacuum, to Tggo;. The energy flux
of a gravitational plane wave, for instance, travels in the
direction of Togo;.
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Bel-Robinson in arbitrary d

@ It seems only natural to expect that the correct answer for the
area deficit should lead to the Bel-Robinson “super-energy”
density.

@ For arbitrary d its expression reads (MM senovilla, Class. Quantum Grav.

17 (2000) 2799)

1
Toeﬁ)\u = Coep)\acﬁp,ua + Cap,uo'cﬁp)\o - §gaﬁ0p7’)\acp7—ua
1 1

_ig)\,u,capm'cﬂpm— + SQQBgAuCpTJVCPTUV

@ The corresponding totally timelike component (Bel-Robinson
energy density) is

1/ . 5 D2
W = Too00 = 3 <E2 + H? + 4>

(W=E*+B?ifd=4.)




The area deficit in terms of W
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@ The freedom encoded in v and §/5 is obviously enough to get
something proportional to W,
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The area deficit in terms of W

Qg 27 W d 1
(2) g = 20d—2 g2 A2(g2 - A
) & 1) [ 15+ <7(d 3d+4) 3 +18

(d—2)(d*> - 1)
+€—55£2

@ The freedom encoded in v and §/5 is obviously enough to get
something proportional to W,
@ Generically the 2nd-order radius variation §¢5 has to be
nonzero for this to occur.
@ Oddly enough, precisely when d = 4 and v = vy = 1/12, the
E? coefficient vanishes, leaving
YA

DA =W

if the radius is held constant.
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How to compare two different spacetimes?

@ What is to be compared?
@ How to choose the deformation?

@ What should we keep fixed (area, radius, volume, anything
else)?




@ What is to be compared?
@ How to choose the deformation?

@ What should we keep fixed (area, radius, volume, anything
else)?

@ In summary, how to be sure that a given deformed ball (a
volume limited by an area) is the "same" as a corresponding
ball in flat spacetime?
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What is to be compared?
A particularly natural way to define the ball deformation is to
choose its shape to ensure that the ball is the base of a small
causal diamond.




The ball as the base of a causal diamond

@ The calculation, assuming R, = 0 and at linear order in the
curvature gives

1 o
t=0, r=1{ <1 + GEQnZnJEij> )

where ¢/c is the (future and past) proper times of the central
geodesics.
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The ball as the base of a causal diamond

@ The calculation, assuming R, = 0 and at linear order in the
curvature gives

1., .
t=0, r=1{ <1 + GEQnZnJEij) ,

where ¢/c is the (future and past) proper times of the central
geodesics.

@ In simpler words, the shape deformation must be
_ o 1. . .
561(9‘4) =n'nY;; = 6€3n1n3Eij~.

@ This implies that Y[,) = 0 for all s # 2 in agreement with the
previous indications, and also sets v = 1/6 !

@ It leaves /5 free, as this is just an ambiguity in the value ¢/c
of the proper time corresponding to the apexes of the cones. ki




Two further independent arguments

@ The trace of the 2nd fundamental form of the ball’s boundary
is (at this order)
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Two further independent arguments
@ The trace of the 2nd fundamental form of the ball’s boundary
is (at this order)
d—2

1 7 is
K:g—|—62;[(d—Q)(S—Q)—i—s(s—1)]Yil,_¢snl...n

. (92 Y/
+nzn] <f2Y;7 — SE”) .
@ The two future null expansions at the ball's boundary read
0L =+K.

@ Therefore, K and 6, are constant on the entire boundary if
and only if Y4 = 0 for all s # 2 and

Yij = CEy /6

@ Thatis, v =1/6 as before!
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are the base of a small causal diamond in their
respective spacetimes.




An intrinsic definition of the boundary surface

It seems that we must compare geodesic balls that
are the base of a small causal diamond in their
respective spacetimes.

This provides an intrinsic definition, independent of
the spacetime, of the boundary of the ball.
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The area deficit with v =1/6

Qg_old+2 W E? (d—2)(d?>—1)
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@ The freedom left available in §/5 is still enough to get an area
deficit proportional to W,

@ The choice to be made is (« arbitrary constant)

55
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@ (The ability to shift 6/ by an arbitrary amount proportional to
W leads to a similar ambiguity in §() A).
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deficit proportional to W,

@ The choice to be made is (« arbitrary constant)
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@ (The ability to shift 6/ by an arbitrary amount proportional to
W leads to a similar ambiguity in §() A).

@ However, how to justify such a choice? is there any physical or
geometrical reason to make this choice for §/57




The area deficit with v =1/6

Qg_old+2 W E? (d—2)(d?>—1)

2

@ The freedom left available in §/5 is still enough to get an area
deficit proportional to W,

@ The choice to be made is (« arbitrary constant)
§ly=—— (—E*d—3) + oWV
2= @ —p) (“E =9 +all)

(The ability to shift §¢2 by an arbitrary amount proportional to
W leads to a similar ambiguity in §() A).

However, how to justify such a choice? is there any physical or
geometrical reason to make this choice for §/57

Again: What is to be compared?
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The area deficit 6 Al with v =1/6

@ Following what we learnt at first order, a logical prescription
would have beeen to hold the volume fixed

@ This provides a 6£5 not compatible with the required choices
and leads to

QO £d+2 E2
(2) — d—2 _ = (d—
Ay 3(d+3) (2 — 1) < W+ 12(d 2)(d—|—1)>

@ Unfortunately, this is not proportional to W, and it does not
have the required properties.

@ Altogether, this is a little puzzling!
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Other possibilities

@ Thus, the question remains on how to justify the required
choices for §¢5

@ My favorite bet at present: keep the causal diamond
construction, but forget about geodesic balls: define the
co-dimension 2 “surface” as the diamond spacelike boundary
and then try to control the volume by considering all possible
hypersurfaces with such boundary




Other possibilities

@ Thus, the question remains on how to justify the required
choices for §¢5

@ My favorite bet at present: keep the causal diamond
construction, but forget about geodesic balls: define the
co-dimension 2 “surface” as the diamond spacelike boundary
and then try to control the volume by considering all possible
hypersurfaces with such boundary

@ An interesting idea is to maximize the volume enclosed by such
a boundary (in flat space one knows that this is a round ball).




Conclusion

s there a relation between area
deficit (or other deficits) and
gravitational energy in vacuum?




Conclusion

s there a relation between area
deficit (or other deficits) and
gravitational energy in vacuum?

s the latter described by the
Bel-Robinson W7
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