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Looking back into the past



You need not be afraid of phantom energy (His first work on

the topic of phantom energy)

P. F. González-D́ıaz, PRD (RC) [arXiv:astro-ph/0305559]
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Big rip singularity

• For this singularity the null

energy condition is violated.

The scale factor diverges in a

finite time. It is accompanied

with a divergence of the Hubble

rate and the cosmic derivative

of the Hubble rate

• For example this singularity

might appear in a hologrphic

Ricci dark energy model (C.Gao et al

PRD, [arXiv:0712.1394])
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Starobinsky, Grav. Cosmol. [astro-ph/9912054], Caldwell, PLB [astro-ph/9908168], Caldwell, Kamionkowski and Weinberg, PRL

[astro-ph/0301273]
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K-essential phantom energy: Doomsday around the corner?

(his most cited work on phantom energy)

P. F. González-D́ıaz, PLB [arXiv:astro-ph/0312579]
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Escaping the Big Rip?-1-

P. F. González-D́ıaz, PRD (RC) [arXiv:astro-ph/0305559]
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Escaping the Big Rip?-2-

M. B.-L. and J.A. Jiménez-Madrid, JCAP [arXiv:astro-ph/0404540]
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Worse than a big rip?

M. B.-L., F. González-D́ıaz and P. Mart́ın-Moruno, PLB [arXiv:gr-qc/0612135]
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Summary of DE singularities-1-

Some of the cosmological parameters:

DE might induce a future cosmic singularity

𝑡 Cosmic time
𝑎 Scale factor (relative size)
𝐻 Hubble parameter (growth rate)
 𝐻 Time derivative of 𝐻

Singularity 𝒕 𝒂 𝑯  𝑯  𝑯,  𝑯…

Big Bang 0 0 ∞ ∞ ∞

De Sitter ∞ ∞ 𝐻𝑑𝑠 0 0

Big Rip 𝑡𝑠 ∞ ∞ ∞ ∞

LR ∞ ∞ ∞ ∞ ∞

LSBR ∞ ∞ ∞  𝐻𝑠 0

Big Freeze 𝑡𝑠 𝑎𝑠 ∞ ∞ ∞

Sudden. S. 𝑡𝑠 𝑎𝑠 𝐻𝑠 ∞ ∞

Type IV 𝑡𝑠 𝑎𝑠 𝐻𝑠  𝐻𝑠 ∞

Asymptotic evolution of the scale factor

(Λ𝐶𝐷𝑀)

Nojiri, Odintsov and Tsujikawa, Phys. Rev. D 71 (2005) 06300, [hep-th/0501025].
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Summary of DE singularities-2-

Pictures drawn by Che-Yu Chen (NTU)
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Where are we standing now?



A brief sketch of the universe-1-

• The universe is homogeneous and isotropic on large scales

(cosmological principle)

• The matter content of the universe:

• Standard matter

• Dark matter

• Something that induce the late-time acceleration of the

Universe

• The acceleration of the universe is backed by several

measurments: H(z), SneIa, BAO, CMB, LSS (matter power

spectrum, growth function)...
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A brief sketch of the universe-2-

• The effective equation of state of whatever is driving the current

speed up of the universe is roughly -1. For example, for a wCDM

model with w constant and k = 0, Planck (TT, TE, EE+lensing) +

ext(BAO,H0,SNeIa) results implies w is very close to −1

• Such an acceleration could be due

• A new component of the energy budget of the universe: dark energy;

i.e. it could be Λ, quintessence or of a phantom(-like/effective)

nature

• A change on the behaviour of gravity on the largest scale. No new

component on the budget of the universe but rather simply GR

modifies its behaviour, within a metric, Palatini (affine metric) ....
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A brief sketch of the universe-3-

http://wiki.cosmos.esa.int/planck-legacy-archive 12



The late-universe: simplest approach within GR



Constant equation of state for DE: background

• State finders approach (Sahni, Saini

and Starobinsky JETP Lett. [arXiv:astro-ph/0201498])

• Scale factor: a(t)
a0

=

1 +
∞∑
n=1

An(t0)
n!

[H0 (t − t0)]n,

where An := a(n)/(aHn),

n ∈ N.

• State finders parameters:

S
(1)
3 = A3,

S
(1)
4 = A4 + 3 (1− A2),

S
(1)
5 = A5 −

2 (4− 3A2) (1− A2)

• Ωm = 0.309, Ωd = 0.691 and

H0 = 67.74 km s−1 Mpc−1

(according to Planck).
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Albarran, B.L. and Morais, EPJC, [arXiv:1706.01484]
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Constant equation of state for DE: perturbations-1-

• The backgroud description of the late universe is very important but

we need to go beyond. Why? Many reasons, let me just state a few:

• Observational reasons: Despite the huge importance of measurments

of SNeIa (luminosity distance), BAO (for example, the angular

diamamter distance), H0 and H(z) to constrain the late-time

cosmology of the universe, there are equally important measurments

like the matter power spectrum, f σ8 (...) that can help us as well to

constrain or rule out some of the current models in the market.

• Previous experience “The primordial inflationary epoch”: While

many models can describe the inflationary era at the background

level only some can predict an observationally consistent spectral

index and tilt for the curvature perturbations.

• A perturbative approach has been quite efficient to disregard some

extended theories of gravity or even DE models within GR.
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Constant equation of state for DE: perturbations-2-

Consider the gauge invariant perturbed FLRW metric

ds2 = a2
[
−(1 + 2Φ)dη2 + (1− 2Ψ)δijdx

idx j
]
,

where Φ and Ψ are the Bardeen potentials.

In the matter sector the perturbed energy momentum tensor is

T (m)0
0 = −(ρm + δρm) ,

T (m)0
i = −(ρm + Pm)∂ivm ,

T (m)i
j = (Pm + δPm)δij ,
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Constant equation of state for DE: perturbations-3-

• We worked on the Newtonian gauge and carried the first order

perturbations considering DM, DE and radiation on GR. Radiation

was included because our numerical integrations start from well

inside the radiation dominated epoch

• We assumed initial adiabatic conditions for the different fractional

energy density perturbations

• The total fractional energy density is fixed by Planck measurments;

i.e. through As and ns
• The speed of sound for DE:

• The pressure perturbation of DE reads:

δpd = c2
sdδρd − 3H (1 + wd)

(
c2
sd − c2

ad

)
ρdvd , where c2

sd = δpd
δρd

∣∣∣
r.f .

and c2
aA =

p′d
ρ′
d

= w (for these simple models)

• Given that c2
sd is negative, we can end up with a problem (this is not

intrisic to phantom matter as it can happen for example with fluids

with a negative constant equation of state larger than -1)

• We choose c2
sd = 1 as a phenomenological parameter
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Constant equation of state for DE: perturbations-4-

• Evolution equations for EMT of the different components

δ′r = 4

(
k2

3
vr + Φ′

)
,

v ′r = −
(

1

4
δr + Φ

)
,

δ′m = 3

(
k2

3
vm + Φ′

)
,

v ′m = − (Hvm + Φ) ,

δ′d = 3 (w − 1) δd + 3 (1 + w)

{[
k2

3
+ 3H2 (1− w)

]
vd + Φ′

}
,

v ′d = −
(

1

1 + w
δd + Φ

)
+ 2Hvd ,
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Constant equation of state for DE: perturbations-5-

• Evolution equations of the gravitational sector

HΦ′ +

(
H2 +

k2

3

)
Φ = − 1

2
H2δtot ,

Φ′ +HΦ = − 3

2
H2 (1 + wtot) vtot .

where

wtot =

∑
i=r,m,d ρi wi∑
i=r,m,d ρi

,

δtot =

∑
i=r,m,d ρi δi∑
i=r,m,d ρi

,

vtot =

∑
i=r,m,d ρi (1 + wi) vi∑
i=r,m,d ρi (1 + wi)

.
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Constant equation of state for DE: perturbations-6-

• Initial conditions for δ are fixed through the amplitude and spectral

index of the primordial inflationary power spectrum:

As = 2.143× 10−9, ns = 0.9681 and k∗ = 0.05 Mpc−1 (Planck

values): Φini = 2π
3

√
2As

(
k
k∗

)ns−1

k−3/2

• Well inside the radiation era: Φini ≈ − 1
2δtot,ini and

Φini ≈ −2Hinivtot,ini

• Initial adiabatic conditions (radiation dominated epoch):

3

4
δr,ini = δm,ini =

δd,ini
1 + wd,ini

≈ 3

4
δini

vr,ini = vm,ini = vd,ini ≈
δini

4Hini
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Results-1-: An example
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• Example of the evolution of the
perturbations: k = 10−3 Mpc−1

• ΛCDM model: Φk vanishes
asymptotically

• Phantom model: Φk also evolves
towards a constant in the far future
but a change of sign occurs roughly
at log10 a/a0 ' 2.33, corresponding
to 8.84× 1010 years in the future.
A dashed line indicates negative
values of Φk

• Quintessence model: Φk evolves
towards a constant in the far future
without changing sign
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Results-2-:

• What about f σ8 for the three different DE models?

f ≡ d (ln δm)

d (ln a)
, σ8 (z , kσ8 ) = σ8 (0, kσ8 )

δm (z , kσ8 )

δm (0, kσ8 )

kσ8
= 0.125 hMpc−1, σ8(0, kσ8

) = 0.820 (Planck)

Albarran, B.L. and Morais, EPJC [arXiv:1706.01484]
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The late-universe through modified gravity: an

example



f (R)-gravity: The action

The Einstein-Hilbert action is replaced by

S (f ) =
1

2κ2

∫
d4x
√
−gf (R) , κ2 = 8πG

where f (R) is a generic function of the Ricci scalar R.

Among the general class of Modified Theories of Gravity, f (R)-gravity

has been one of the most studied cases

• The simple equations of motion are easy to study;

• f (R)-gravity already captures interesting effects of MTG (e.g. the

Starobinsky model for R2 inflation);

• Possibility to avoid the solar system constraints (e.g. through the

chameleon mechanism).

Nojiri and Odintsov, Int. J. Geom. Meth. Mod. Phys. 4, 115 (2007) [hep-th/0601213], Capozziello and De Laurentis, Phys. Rept. 509, 167

(2011) [arXiv:1108.6266 [gr-qc]].
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f (R)-gravity: The different formalisms

Within the f (R)-theories of gravity we can identify different classes:

• metric formalism: the metric includes all the dynamical degrees of

freedom.

• Palatini formalism: the connection Γ is independent of the metric g .

• metric-affine formalism: like the Palatini formalism but the matter

Lagrangian density depends on both the metric and the connection.

• hybrid metric-Palatini formalism: a mixed action with terms that

depend on the metric and the Levi-Civita connection and terms that

depend on the metric and the independent connection.
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f (R)-gravity: The modified Einstein equations

In the metric formalism, variation of the gravitational action with regards

to the metric gµν leads to the modified Einstein equations:

Rµν fR −
1

2
gµν f − (∇µ∇ν − gµν�) fR = κ2T (m)

µν ,

T (m)
µν :=

−2√
−g

δLm

δgµν
� := gµν∇µ∇ν fR :=

df

dR
.

The absence of extra coupling with the matter sector means that the

usual matter conservation is verified

∇µT (m)µ

ν = 0

24



f (R)-gravity: Cosmology

Consider the FLRW metric

ds2 = −dt2 +
δijdx

idx j

1− K4 (x2 + y2 + z2)
, K = −1, 0,+1 .

Taking the (00) component of Einstein equation, we get the Friedmann

equation

3

(
H2 +

K
a2

)
fR +

1

2
(f − fRR) + 3HṘfRR = κ2ρm ,

complemented by the conservation equation

ρ̇m + 3H (ρm + Pm) = 0 ,

where ẋ := (∂x)/(∂t).
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Reconstruction in f (R): Chaplygin Gas as an example

Numerical solution where f (R) plays the role of DE. The model contains as well DM

and rad. We choose a mGCG that interpolates between radiation an a cosmological

constant

Blue line indicates the numerical result while red line indicates the Einstein-Hilbert

action.
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Cosm. Perturbations: Perturbed Quantities

Consider the gauge invariant perturbed FLRW metric

ds2 = a2
[
−(1 + 2Φ)dη2 + (1− 2Ψ)δijdx

idx j
]
,

where Φ and Ψ are the Bardeen potentials.

In the matter sector the perturbed energy momentum tensor is

T (m)0
0 = −(ρm + δρm) ,

T (m)0
i = −(ρm + Pm)∂ivm ,

T (m)i
j = (Pm + δPm)δij ,
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Cosm. Perturbations: GR vs f (R)

Taking into account the (ij), with i 6= j , component of the perturbed

Einstein equations

Φ−Ψ =
δfR
fR

In GR with isotropic fluids the two Bardeen potentials are equal.

In f (R) the existence of a new degree of freedom δfR breaks the equality

between the potentials.
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Cosm. Perturbations: Metric perturbations

The evolution equations of the metric perturbations can be obatined
form the (00) and (0i) components of the Einstein perturbed equations

(
Ψ+

)
N

= −Ψ+ −
1

4

(fR)N
fR

(
2Ψ+ − 3Ξ

)
−

a2κ2(ρm + Pm)

2fR

vm

H
,

(Ξ)N = Ξ +
a2κ2(ρm + Pm)

fR

vm

H
+

1

2

(fR)N
fR

(
2Ψ+ − 3Ξ

)
−

2

3H2

fR

(fR)N

[
2k2Ψ+ +

a2κ2

fR
(δρm − 3H(ρm + Pm)vm)

]
+

2

H
fR

(fR)N
(H−HN) Ξ .

where

Ψ+ :=
Φ + Ψ

2
, Ξ := Φ−Ψ =

δfR

fR
. H :=

1

a

∂a

∂η
. xN :=

∂x

∂ log(a/a0)
.

In GR these two equations reduce to one constraint Ψ+(δρm, vm).
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Cosm. Perturbations: Matter perturbations

For each individual fluid we can define peculiar velocity vi and a relative

energy density perturbation δi := δρi/ρi .

The total variables are related the individual fluid quantities by

δm =

∑
ρiδi∑
ρi

, vm =

∑
(ρi + Pi )vi∑
ρi + Pi

The evolution equations for each fluid are the same as in GR:

(δi )N + 3
(
c2
s,i − wi

)
δi − (1 + wi )k

2 vi

H
= 3(1 + wi )

(
Ψ+ +

1

2
Ξ

)
N

,

(vi )N +
(

1− 3c2
s,i

)
vi +

c2
s,i

1 + wi

δi

H
= −

1

H

(
Ψ+ −

1

2
Ξ

)
.

where wi := Pi/ρi and c2
s,i := δPi/δρi = Ṗm/ρ̇m
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Cosm. Perturbations: Evolution I

To obtain the evolution of the linear perturbations we evolve numerically

the quantities

Ψ+ , Ξ , δdust , vdust , δrad , vrad . (1)

The initial conditions are set deep in the radiation dominated epoch,

when all relevant modes are outside the horizon.

We consider adiabatic initial conditions.

No approximations are employed in the numerical integration of the

equations until the present time.

Modes corresponding to large scales are unaffected by the f (R)

corrections.
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Cosm. Perturbations: Evolution II

Dashed lines represent the solutions in GR.
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Growth of structure
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Quantum cosmology of the late-universe: why

not?



Summary of DE singularities

Some of the cosmological parameters:

DE might induce a future cosmic singularity

𝑡 Cosmic time
𝑎 Scale factor (relative size)
𝐻 Hubble parameter (growth rate)
 𝐻 Time derivative of 𝐻

Singularity 𝒕 𝒂 𝑯  𝑯  𝑯,  𝑯…

Big Bang 0 0 ∞ ∞ ∞

De Sitter ∞ ∞ 𝐻𝑑𝑠 0 0

Big Rip 𝑡𝑠 ∞ ∞ ∞ ∞

LR ∞ ∞ ∞ ∞ ∞

LSBR ∞ ∞ ∞  𝐻𝑠 0

Big Freeze 𝑡𝑠 𝑎𝑠 ∞ ∞ ∞

Sudden. S. 𝑡𝑠 𝑎𝑠 𝐻𝑠 ∞ ∞

Type IV 𝑡𝑠 𝑎𝑠 𝐻𝑠  𝐻𝑠 ∞

Asymptotic evolution of the scale factor

(Λ𝐶𝐷𝑀)

Nojiri, Odintsov and Tsujikawa, Phys. Rev. D 71 (2005) 06300, [hep-th/0501025].
34



On the quantum fate of singularities in a dark-energy dominated

universe

• There is no successful quantum gravity theory so far that

would lead to THE theory of quantum cosmology

• There are, however, several approaches in this direction.

Here we will follow the most conservative one which

corresponds to the Wheeler deWitt approach.

• The Wheeler DeWitt equation is the equivalent to

Schrödinger like equation
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On the quantum fate of singularities in a dark-energy dominated

universe within GR and beyond

Within the framework of quantum geometrodynamics and mainly

within a Born Oppenheimer approximation

• It was shown that the big rip can be removed Dabrowski, Kiefer and

Sandhöfer, PRD, [arXiv:hep-th/0605229], González-D́ıaz and Jiménez Madrid, IJMPD, [arXiv:0709.4038],Alonso,

B.L. and Mart́ın-Moruno, PRD, [arXiv:1802.03290 [gr-qc]].

• It was shown the avoidance of a big brake singularity Kamenshchik,

Kiefer and Sandhöfer 07’, PRD, [arXiv:0705.1688].

• It was shown also the avoidance of a big démarrage

singularity and a big freeze BL, Kiefer, Sandhöfer and Moniz, PRD, [arXiv:0905.2421]

• Type IV singularity is removed BL, Krämer and Kiefer, PRD, [arXiv:1312.5976].

• It has been shown as well that LR can be removed Albarran, BL,

Kiefer, Marto, Moniz, PRD, [arXiv:1604.08365].

Review to come soon on the topic by B.L., Kiefer and Mart́ın-

Moruno arXiv:18XX.XXXX 36



LSBR driven by a standard scalar field

• LSBR: H →∞ though Ḣ finite.

• Phantom scalar field φ: ρφ = − 1
2 φ̇

2 + V (φ) , pφ = − 1
2 φ̇

2 − V (φ)

φ̈+ 3Hφ̇−V ′(φ) = 0, V (φ) = A
6 + 2πAG (φ− φ1)2

α = ln(a/a0)
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LSBR: Quantisation with a scalar field

• The Wheeler-DeWitt equation:

~2

2

[
κ2

6

∂2

∂α2
+
∂2

∂φ2

]
ψ(α, φ) + a6

0e
6αV (φ)ψ(α, φ) = 0

• Can be solved within the BO:

• The gravitational part are oscillatory or exponential functions.

• The matter part can be written as parabolic cylinder functions that

decay to zero at large value of the scale factor.

• It can be shown that there are solutions (wave functions) that

vanishe close to the classically abrupt event. Therefore, the DeWitt

condition is fullfilled. This result can be interpreted as an “abrupt

event” avoidance.

Albarran, BL, Cabral, Mart́ın-Moruno, JCAP, [arXiv:1509.07398] (minimally coupled scalar field)

B.L., Brizuela and Garay, JCAP, [arXiv:1802.05164 [gr-qc]] (3-forms)
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Conclusions



Conclusions-1-

• We have summarised two of the most cited works of Pedro in

phantom DE.

• Late-time acceleration of the Universe described by a DE

component.

• Late-time acceleration of the Universe described by a modified

theory of gravity.

• The late-time acceleration might end up in a singularity where a

quantum regime will dominate.

• DE singularities seem to be unharmful in a quantum world.
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Conclusions-2-

• Q: Does the laws governing the universe allow us to predict exactly

what is going to happen to us in the future?

• R: The short answer is no, and yes, in principle. the laws allow us to

predict the future. But in practice the calculations are often too

difficult.

“Brief answers to the big questions”, Stephen Hawking.

Thank you for your atention and Prado for having worked so hard to

bring us all here. Of course, thank you also to Francisco for reminding us

during the last Iberian Cosmology meeting in Lisbon that we had to

organise a conference in honour of Pedro.
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Chukran Pedro for all what you
gave me!
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