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Jonathan Sorce

Abstract: These lecture notes formed the basis of a mini-course on algebraic quantum

�eld theory presented at the Bootstrap 2024 conference in Madrid. The goal of the notes is

to explain the merits of algebraic quantum �eld theory to a broad audience, and to explore

(i) how to know when a particular question calls for an algebraic answer, (ii) how to apply

the tools of algebraic QFT to such a problem, and (iii) why quantum �eld theorists of

all stripes stand to bene�t from a basic knowledge of algebraic quantum �elds. The �rst

lecture focuses on the big-picture motivation behind the algebraic approach to quantum

�eld theory, and an elaboration of its basic tools. Subsequent lectures explain some of the

modern achievements of the algebraic toolkit, including an argument for the averaged null

energy condition and an enhanced understanding of black hole entropy.
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1 On the merits of algebraic quantum �eld theory

Algebraic quantum �eld theory began in the late 1950s/early 1960s as an o�shoot of ax-

iomatic quantum �eld theory. Both disciplines lie on the border of theoretical physics and

pure mathematics, and both concern themselves with the problem of formulating quantum

�eld theory in a mathematically precise way. Because of this history, algebraic quantum

�eld theory is often viewed from the outside as a branch of mathematics, a domain of

rigorous constructions that might be of conceptual interest, but that are of little practical

consequence.

Those of us viewing it from the inside, however, see things quite di�erently. The chief

merit of algebraic quantum �eld theory is not that it provides a framework for proving

theorems, but that it provides a way of thinking about quantum �eld theory that lends

itself to novel insights. Viewing quantum �eld theory in algebraic terms can lead you to ask

questions that you had not previously considered, and can lead you to creative solutions to

existing problems that seemed insurmountable from other points of view.

The goal of these lecture notes is to present an audience of bootstrappers with the

fundamental tools that they will need to think about quantum �eld theory algebraically.
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My aim is not to suggest that algebraic frameworks are superior to other frameworks for

quantum �eld theory; rather, I believe that having a plurality of ways of thinking about a

single problem makes it easier and more exciting to make progress. To that end, I emphasize

that these lectures are not about the rigorous axioms of algebraic quantum �eld theory, but

rather about what is often called the algebraic approach. This is an approach to problems

in quantum �eld theory that shines in some settings where other approaches get stuck, and

that gets stuck in some settings where other approaches shine.

Before we begin, it will be helpful to outline the algebraic approach by comparing it

to the bootstrap philosophy. The bootstrap philosophy takes conformal �eld theories as its

chief objects of interest, both because they appear explicitly in statistical physics and in

string theory, and because it is often possible to think of a non-conformal quantum �eld

theory as a relevant deformation of a conformal one. Conformal symmetry is taken as an

organizing principle, and generic local operators are expressed in terms of �primaries� and

�descendants� that transform irreducibly under the action of the conformal group. The

state-operator correspondence furnishes a bijection between these preferred local operators

and the energy eigenstates of the Hamiltonian. Questions of physical consequence are

translated into questions about correlation functions of primary/descendant operators, and

conformal invariance is used to show that all such correlation functions are completely

determined by the spectrum of primaries and by the Euclidean three-point functions of

primary operators (the OPE coe�cients). Once it is clear that every physical question

about a CFT can be translated into a question about its spectrum and its OPE coe�cients,

the bootstrap philosophy focuses its e�ort on these quantities and how they are constrained

by general principles such as crossing symmetry.

A key feature of the conformal bootstrap, and one that di�ers from textbook approaches

to quantum �eld theory, is that it takes place in position space. Position-space correlations,

not S-matrix amplitudes, are the key objects of interest. This perspective is also at the

core of the algebraic approach. The algebraic approach asks questions like, �What are

the observables that can be measured in a particular region of spacetime?� and, �In a

given state, what are the general features of those observables?� At a technical level, these

questions are framed as questions about the algebras of �elds localized to certain spacetime

regions. The set of all �elds localized in a spacetime region O generates an algebra A(O),

and questions about the structure of this algebra � and the expectation values of its

operators in states of physical interest � form the core of the algebraic approach.

One key departure from the bootstrap philosophy is that the algebraic approach does

not use any input from conformal symmetry (though local Lorentz invariance is often as-

sumed), and does not in fact rely in any way on the structure of Minkowski spacetime.

While this generality has the disadvantage of discarding many of the powerful tools of con-

formal �eld theory, it has the advantage of allowing us to see general structural features

of quantum �eld theory that do not rely on the speci�cs of Minkowski spacetime or of

conformal symmetry. This makes the algebraic approach particularly well suited for asking

questions about cosmology and black holes.

The �rst lecture explains the basics of the algebraic approach, including ∗-algebras and
von Neumann algebras of �elds. It develops the theory of modular �ow and explains the
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Unruh e�ect in an algebraic language.

The second lecture introduces the theory of relative entropy in quantum �eld theory,

and outlines the algebraic argument for the averaged null energy condition given in [1].

The third lecture describes some recent developments in using the algebraic approach

to understand the entropy of semiclassical black holes [3�5].

Much more information about information-theoretic considerations in the algebraic

approach can be found in the review articles [6] and [7]. A complete account of the math-

ematical foundations of the algebraic approach is provided in the textbook [8]. A modern

perspective on the di�erence between an abstract algebra of �elds and a particular Hilbert

space representation can be found in [9].

2 Lecture 1: The fundamentals of the algebraic approach

2.1 Preliminaries: correlation functions and operators

What is a quantum �eld? Probably the most conservative point of view is that a quantum

�eld ϕ(x) is an object that can be placed in a correlation function to de�ne quantities like

⟨Ω|ϕ(x1) . . . ϕ(xn)|Ω⟩. (2.1)

In Euclidean space, these correlation functions tend to actually be functions that are de�ned

away from coincident points; for example, the Euclidean two-point function of a primary

�eld of dimension ∆ in the vacuum state is

⟨Ω|ϕ(x)ϕ(y)|Ω⟩ = C

|x− y|2∆ . (2.2)

When this expression is analytically continued to Lorentzian signature, singularities appear

not just at coincident points x = y, but also when x and y are null separated. Because these

null singularities are resolved when a small Euclidean time direction is added to the metric,

the Minkowski-spacetime correlation functions are typically interpreted as boundary values

of the analytically continued Euclidean correlators, and we write expressions like

⟨Ω|ϕ(x0, x⃗)ϕ(y0, y⃗)|Ω⟩ =
C

(−(x0 − y0 − iϵ)2 + (x⃗− y⃗)2)2∆
. (2.3)

At a technical level, this is a �distribution� � an expression that makes sense when we

integrate against compactly supported smooth functions of x and y, and de�ned by∫
dd+1x dd+1y f(x)g(y)⟨Ω|ϕ(x)ϕ(y)|Ω⟩

≡ lim
ϵ→0+

∫
dx0 dy0 dx⃗ dy⃗ f(x0, x⃗)g(y0, y⃗)

C

(−(x0 − y0 − iϵ)2 + (x⃗− y⃗)2)2∆
.

(2.4)

The above point of view � that a quantum �eld theory is a recipe for computing

smeared correlation functions � is perfectly su�cient for answering many questions. The

interesting quantities are correlations of �elds, and because any measuring device has �nite
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spatial resolution, the only quantities that are ever actually measured in quantum �eld the-

ories are smeared correlation functions like the ones in equation (2.4). For questions about

critical materials actually the Euclidean correlations are often what is being measured, and

the distributional subtleties of Minkowski-spacetime correlation functions are irrelevant.

While this perspective on quantum �eld theory can take us quite far, it is actually rather

limited, in that it obscures the quantum nature of the �eld theory. So far the state |Ω⟩ has
been considered as some abstract object in which correlation functions can be measured,

and not as a proper state in a vector space that can be superposed with other states.

Likewise, the �elds ϕ(x) have been considered as abstract objects that furnish correlations,

but not as operators that can change states, or for which a spectral decomposition can be

performed. To get at the quantum nature of quantum �eld theory, we would really like

for |Ω⟩ to be a vector in some Hilbert space, and we would like for ϕ(x) to be an operator

acting on that Hilbert space, such that we have the identity

⟨Ω|ϕ(x)ϕ(y)|Ω⟩ = ⟨ϕ†(x)Ω|ϕ(y)Ω⟩. (2.5)

As stated, this is not possible. For example, if ϕ is a real �eld, then for spacelike

separated points x and y, we are supposed to have

⟨ϕ(x)Ω|ϕ(y)Ω⟩ = C

|x− y|2∆ . (2.6)

Because this diverges in the limit y → x, the �state� ϕ(x)|Ω⟩ is not normalizable, and

cannot really be considered as a vector in Hilbert space. To resolve this singularity, we

must instead consider the �smeared �eld�

ϕ[f ] ≡
∫
dd+1xf(x)ϕ(x). (2.7)

Interestingly, in Euclidean signature, the quantity

⟨ϕ[f ]Ω|ϕ[f ]Ω⟩ ≡
∫
dd+1x dd+1y f(x)f(y)⟨Ω|ϕ(x)ϕ(y)|Ω⟩ (2.8)

can be �nite or in�nite depending on the dimension ∆, making the operator interpretation

of the �eld confusing. But in Lorentzian signature, the expression (2.4) is always �nite, and

there is no issue with interpreting ϕ[f ] as an operator.1

Generally it is �ne to think of the di�erence between bare �eld operators ϕ(x) and

smeared �eld operators ϕ[f ] as a technical one. The point is that in any good quantum �eld

theory, there should exist observables localized to arbitrarily small regions of (Lorentzian)

spacetime, and a Hilbert space on which they act. In fact, given a self-consistent family of

(Lorentzian) correlation functions ⟨Ω|ϕ(x1) . . . ϕ(xn)|Ω⟩, one can always construct a Hilbert

space H with �eld operators ϕ[f ] for which the expectation values reproduce the speci�ed

correlation functions. The basic idea is to de�ne an abstract vector space V as the span of

all objects of the form

ϕ[f1] . . . ϕ[fn]|Ω⟩, (2.9)

1See e.g. [10, section 2] for a pedagogical explanation of this �niteness.
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to endow it with the inner product

⟨ϕ[g1] . . . ϕ[gn]Ω|ϕ[f1] . . . ϕ[fn]Ω⟩V ≡ ⟨Ω|ϕ†[g1] . . . ϕ†[gm]ϕ[f1] . . . ϕ[fn]|Ω⟩correlation function,

(2.10)

and to de�ne H as the completion of V with respect to this inner product, possibly after

taking the quotient by a subspace of null states. This procedure is called the �GNS con-

struction,� or, in quantum �eld theory, the �Wightman reconstruction theorem.� For more

detail on this construction, see e.g. [11, chapter 7]; for our purposes, it is enough to know

that the �correlation function� perspective on quantum �eld theory and the ��eld operator�

perspective on quantum �eld theory are equivalent.

2.2 ∗-algebras and von Neumann algebras

What information about a quantum �eld theory is accessible in a particular region of

spacetime? In the algebraic perspective, this is easy to answer: in the open subset O of

Minkowski spacetime, we can access arbitrary observables generated by �elds ϕ(x) with

x ∈ O. Because we are asking about observable �elds, if there are any fermionic �elds in

our theory, then the observables associated with O should be constructed from composite

bosonic combinations of the fermionic �elds. So we introduce the symbol A0(O) to denote

the algebra of operators generated by arbitrary smearings ϕ[f ] of the theory's bosonic �elds,

with f a function supported in the spacetime region O.

De�nition 2.1. Given a spacetime region O, A0(O) is the set of all polynomial combina-

tions of smeared bosonic �elds with support in O.

By this de�nition, the set A0(O) is an algebra, i.e., a set of operators that is closed

under multiplication, addition, and scalar multiplication. In fact, it should be considered

as a ∗-algebra, which is an algebra with an adjoint operation. This is because for any �eld

ϕ(x) there should also be an adjoint �eld ϕ†(x), and the algebra A0(O) contains arbitrary

operators generated from all combinations of these �elds.

Remark 2.2. A0(O) is a ∗-algebra, with adjoint operation

ϕ†[f ] =
(∫

dd+1xϕ(x)f(x)

)†
=

∫
dd+1(x)ϕ†(x)f(x). (2.11)

We are now faced with an interesting conceptual question: does A0(O) contain all

operators that can be measured in the spacetime region O? The answer to this is almost

certainly no. For example, due to Lorentz invariance, we should be able to construct within

O any �eld operator localized within the domain of dependence of O; see �gure 1. But

this is not possible strictly within the algebra A0(O). Instead we should really consider

some completed algebra A(O), which consists of all limits of operators in A0(O) in an

appropriate topology. We will sidestep the question of what topology is appropriate by

saying that A(O) should contain at least all those operators that commute with all �eld

operators in the spacelike complement of O. I.e., if O′ denotes all points spacelike separated
from O, then we should have

A(O) ⊇ {T |[T, a′] = 0 for a′ ∈ A0(O′)}. (2.12)
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O

Figure 1: If a quantum �eld theory is causally well behaved, then we expect that operators

localized to a region O can be used to construct any operator in the domain of dependence

of O.

As a minimal guess for what A(O) should be, we will simply declare equality:2

A(O) ≡ {T |[T, a′] = 0 for a′ ∈ A0(O′)}. (2.13)

We will call this the von Neumann algebra of operators associated with O. We think of

it as the set of all observables that can be accessed in the spacetime region O.
A few remarks before we proceed, though none of them will be essential in what follows:

� It is a fairly easy exercise to show that A(O) is closed in the strong topology, meaning

that if there is a sequence of operators Tn in A(O) such that Tn|ψ⟩ converges to T |ψ⟩
for every state |ψ⟩ in Hilbert space, then T is in A(O). In spite of this, it is not

necessarily true that A(O) is the closure of A0(O) with respect to this topology. We

generally have

A0(O) ⊆ A0(O) ⊆ A(O). (2.14)

If the second inclusion is an equality, and if O is causally complete, then the theory is

said to satisfy Haag duality for the region O. Sometimes, in gauge theories, whether

or not a theory satis�es Haag duality for topologically nontrivial regions depends on

whether or not you include Wilson loops among the �elds generating A0(O). For

recent discussion on this point, see [13].

� While the construction of the algebra A(O) depended on having a Hilbert space hang-

ing around, the algebra A0(O) could have been considered as some abstract algebra

of �eld symbols, without thinking of these symbols as operators in a Hilbert space.

This can be a useful perspective when thinking about superselection or infrared ef-

fects in quantum �eld theory, for example, the problem that in Minkowski spacetime,

a global thermal state cannot be realized as a state in the Hilbert space of excitations

2There are a few technical subtleties suppressed in this equation, namely that we will takeA(O) to consist

only of bounded operators, even though the operators in A0(O′) may be unbounded. For an introduction

to unbounded operators, see [12, section 2].
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above the vacuum. Axiomatic approaches to quantum �eld theory in curved space-

time, such as [14], generally take abstract ∗-algebras of �elds A0(O) as the starting

point for de�ning the theory. They then determine families of physically acceptable

correlation functions for these algebras, and introduce Hilbert spaces via the GNS

construction alluded to at the end of the previous subsection.

2.3 Information theory, thermodynamics, and modular �ow

When studying subsystems of a many-body system on a lattice, the typical object of study

is a density matrix. Concretely, given a factorizing Hilbert space H = HA ⊗ HB, and a

state |Ψ⟩AB, we de�ne the density matrix

ρA = trB |Ψ⟩⟨Ψ|AB. (2.15)

If the state |Ψ⟩ is su�ciently entangled between A and B, then it will be possible to take

the logarithm of ρA, and we can write

ρA = e−(− log ρA). (2.16)

Because the density matrix satis�es 0 < ρA ≤ 1, the operator

KA ≡ − log ρA (2.17)

is Hermitian and bounded below. Consequently, it can be thought of at the formal level as

a �Hamiltonian,� though perhaps not one of independent physical interest. It is called the

modular Hamiltonian of ρA. Equation (2.16) expresses that ρA, which started its life as a

generic full-rank density matrix, is a Gibbs state with respect to the modular Hamiltonian.

This way of thinking can be quite useful. In statistical mechanics, typically we pick a

Hamiltonian of interest, such as one describing nearest-neighbor interactions on the lattice,

and study the Hamiltonian by studying the statistical properties of its Gibbs states. Quan-

tum information theory goes the other way around � it asks questions about a generic

full-rank state by thinking of it as a Gibbs state for its modular Hamiltonian, and applying

the principles of statistical mechanics. This is the origin of von Neumann's famous entropy

formula

S(ρA) ≡ − tr (ρA log ρA) . (2.18)

It would be nice to apply these ideas to local algebras in quantum �eld theory to

understand the correlations present in physical states. Unfortunately, in quantum �eld

theory, there are no density matrices associated with subregions of spacetime. Ultraviolet

divergences coming from short-distance entanglement render every density matrix non-

normalizable. For some problems this issue can be dealt with by working on a lattice and

taking the limit as the cuto� is removed, but for other calculations the ultraviolet issues are

so severe that it is more pro�table to try an alternate route. The key idea � see �gure 2 �

is that if A and B are complementary spacetime regions, and |Ψ⟩AB is a global state, then

while the density matrices ρA and ρB might be individually UV-divergent, the combination

∆Ψ ≡ ρA ⊗ ρ−1
B (2.19)

� 7 �



BA

Figure 2: A pair of complementary spacetime regions A and B, containing commuting

algebras A(A) and A(B). In the presence of a regulator, we may think of the Hilbert space

as factorizing in the form H = HA ⊗HB.

may be well de�ned in the continuum, as might its logarithm

KΨ ≡ − log∆Ψ = KA −KB. (2.20)

The operator ∆Ψ � if it exists � is called the modular operator for the region A in the

state |Ψ⟩AB. The operator K is called the full modular Hamiltonian, though often the

word �full� is dropped and it is simply called the modular Hamiltonian.

A powerful mathematical technology called Tomita-Takesaki theory [15, 16] allows mod-

ular operators and full modular Hamiltonians to be de�ned for a broad class of states and

subregions in continuum quantum �eld theory. These operators are completely well de-

�ned in the continuum theory without any regulator, and reproduce the formulas (2.19)

and (2.20) when a regulator is introduced. We will explore a little bit of this theory be-

low; a complete account of the basic theory for physicists can be found in [12], and many

interesting applications are discussed in [6].

In order for both equations (2.19) and (2.20) to make sense, a state |Ψ⟩AB must have

the property that its reduced density matrices ρA and ρB are full rank. So the quantum �eld

theory states for which a modular operator and modular Hamiltonian make sense should

be those that have �full rank density matrices.� Of course, since density matrices are UV-

divergent in quantum �eld theory, we need a precise way of capturing the notion of a �full

rank density matrix� that uses only the mathematical structure that is actually present in

QFT � namely, the von Neumann algebras A(O) associated with spacetime regions O.

De�nition 2.3. A QFT state |Ψ⟩ is cyclic with respect to a von Neumann algebra A if

the states

|Ψ⟩ = a|Ψ⟩, a ∈ A (2.21)

are dense in Hilbert space.
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Remark 2.4. For a factorizing Hilbert space H = HA ⊗HB, it is easy to see that a state

|Ψ⟩AB has full-rank reduced density matrix on HB if and only if it is cyclic with respect to

the algebra of operators acting nontrivially on HA and acting as the identity on HB. So

�cyclic� states generalize those with full-rank reduced density matrices to settings where no

density matrices exist.

Based on the above de�nition and remark, we see that for a region O in spacetime,

we expect to be able to de�ne a modular Hamiltonian and modular operator for the state

|Ψ⟩ with respect to region O if and only if |Ψ⟩ is cyclic with respect to both A(O) and the

complementary algebra A(O′). Such a state is called cyclic and separating with respect to

A(O), based on the following de�nition and remark.

De�nition 2.5. A state |Ψ⟩ is separating with respect to a von Neumann algebra A if

and only if the only operator in A that annihilates |Ψ⟩ is the zero operator.

Remark 2.6. It is a fairly straightforward exercise shows that a state is cyclic with respect

to a von Neumann algebra if and only if it is separating with respect to the von Neumann

algebra of operators that commute with the elements of the original algebra.

There are many cyclic and separating states in quantum �eld theory, as explained in

the following remark.

Remark 2.7. The Reeh-Schlieder theorem [17] shows, within the framework of the Wight-

man axioms for quantum �eld theory, that the vacuum state of Minkowski spacetime is

cyclic for any open subset of spacetime. This proof can easily be extended to arbitrary

states of bounded energy-momentum; see e.g. [6, section 2.3]. In more general spacetimes,

every �eld theory is expected to have an abundance of states that are cyclic for any �xed

region [18]. The construction of states that are cyclic for every region simultaneously is

mathematically di�cult, but it seems plausible that they should exist, and that many states

of physical interest are cyclic and separating for every spacetime region.

Now that we have come up with a good de�nition of states for which we expect to

be able to de�ne modular operators and modular Hamiltonians, we simply quote Tomita's

theorem, which says that these operators exist.

Theorem 2.8 (Tomita's theorem). Given a von Neumann algebra A and a state |Ψ⟩ that
is cyclic and separating for A, there exists an operator ∆Ψ, called the modular operator,

with the following properties:

� ∆Ψ has no kernel, so its logarithm KΨ = − log∆Ψ exists.

� While ∆Ψ may be unbounded, and therefore unable to act on every vector in Hilbert

space, the operator ∆
1/2
Ψ is able to act on those vectors of the form a|Ψ⟩ for a ∈ A,

and for such vectors we have the identity

⟨∆1/2
Ψ aΨ|∆1/2

Ψ bΨ⟩ = ⟨b†Ψ|a†Ψ⟩. (2.22)

In the case of a factorizing Hilbert space, one can easily check that these are consistent

with the matrix elements of equation (2.19).
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� The unitary �ow generated by KΨ, called modular �ow, satis�es

eiKΨtae−iKΨt ∈ A for a ∈ A. (2.23)

In quantum �eld theory, we can use the modular operator to understand things that

we would usually try to understand in lattice systems using density matrices. The general

technique is to prove some general property of modular operators, to look for a special QFT

state in which the modular operator takes an interesting form, and to apply the general

theorem to the speci�c case. We will explore some examples of this in lectures 2 and 3.

In what remains of this lecture, we will try to get a better feel for the modular operator

by computing it for the Rindler subalgebra of Minkowski spacetime in the vacuum state;

the modular �ow will be seen to be a boost preserving the Rindler wedge, which gives a

mathematically precise statement of the Unruh e�ect.

2.4 The Unruh e�ect

The Unruh e�ect, as formulated in [19], states that an observer following a uniformly

accelerating trajectory in Minkowski spacetime will experience the vacuum as a thermal

bath. In the previous subsection, we explained that every state looks thermal with respect

to the �ow of time generated by its modular Hamiltonian. So what we really want to show is

that the modular Hamiltonian of the vacuum state, restricted to a Rindler wedge, generates

a uniformly accelerating transformation of that wedge � i.e., a boost.

This statement was proved by Bisognano and Wichmann in [20, 21], which was actually

published before Unruh's paper [19]. Interestingly, the connection between the two works

was not immediately realized; according to iNSPIRE, the �rst paper to cite both works was

[22], which was published six years later.

We will now present the calculation of the vacuum-Rindler modular Hamiltonian that

was performed in [23], though updated to a more modern language. One ideologically

interesting feature of this calculation is that it is non-rigorous, as it uses Euclidean path

integrals, density matrices, and a cavalier approach to ultraviolet renormalization. This

re�ects a general philosophy among practitioners of the algebraic approach � we are happy

to know that the modular Hamiltonian is rigorously de�ned, and if we have to relax our

standards of rigor to arrive at a prediction for the form of the modular Hamiltonian for a

given state, we do not view this as a tragedy. The fact that we know the object we are

computing is well de�ned in the continuum gives us faith in the �nal destination of our

mathematically imperfect journey. To �ll in the gap, though, I will sketch the rigorous

proof due to Bisognano and Wichmann at the end of this section.

Let |Ω⟩ be the vacuum state of Minkowski spacetime, and suppose we have chosen a

regulation procedure such that we can tensor factorize the Hilbert space as H = HL⊗HR,

with L the left Rindler wedge and R the right Rindler wedge. We might for example

impose a �hard wall� cuto� on quantum �elds near the surface where L and R meet. In

this regulated theory, |Ω⟩ has density matrices ρL and ρR on the two tensor factors, and

the modular Hamiltonian associated to region R is

KΩ = − log ρR + log ρL. (2.24)
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Figure 3: (a) The path integral on a Euclidean half-plane with boundary condition φ

is proportional to the overlap ⟨φ|Ω⟩. (b) The path integral on a Euclidean plane with

discontinuous boundary conditions ϕ1 and ϕ2 on x ≥ 0 is proportional to ⟨φ2|ρR|φ1⟩.

Clearly to understand this operator it su�ces to understand the density matrices ρR and

ρL. The density matrix ρR is written as

ρR = trL |Ω⟩⟨Ω|. (2.25)

In the unregulated theory, the state |Ω⟩ can be represented up to a normalization constant

as a Euclidean path integral over an in�nite past, with open boundary conditions at a

time slice; see �gure 3a. The density matrix ρR is computed by taking two copies of this

path integral and gluing them together along their boundaries for x ≤ 0; see �gure 3b.

Concretely, this means that for a �eld con�gurations φ1 and φ2 on a slice of R, the matrix

element ⟨φ1|ρR|φ2⟩ is computed by the Euclidean path integral shown in �gure 3b.

This path integral is generally divergent due to the possibility of a discontinuity between

φ1 and φ2 on the x = 0 surface sketched in �gure 3b. We will nevertheless proceed by a

formal manipulation of the path integral in �gure 3b, and trust that any apparent ultraviolet

issues will sort themselves out by the time we are done. The key insight is that this path

integral can be �re-sliced� according to the angular slicing shown in �gure 4a, in which case

it can be interpreted as the time-ordered exponential of the constant-angle generators3

Kθ =

∫
constant θ

TEµν

[
x

(
∂

∂τ

)µ
+ τ

(
∂

∂x

)µ]
dΣν , (2.26)

with TE the stress-energy tensor for the Euclidean action. This implies an expression for

ρR of the form

ρR ∝ T exp

[
−
∫ 2π

0
dθKθ

]
. (2.27)

3An explicit derivation of this formula is given in appendix A.
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φ1

φ2

(a) (b)

Figure 4: (a) An angular slicing of the path integral producing matrix elements of ρR. (b)

A sketch of the boost that is future-directed in the right Rindler wedge.

But so long as the �eld theory has a Euclidean rotation symmetry, the generator Kθ is

conserved, so this simpli�es to

ρR ∝ exp [−2πKθ=0] = exp

[
−2π

∫ ∞

0
dxxTEττ

]
. (2.28)

The Euclidean stress tensor TE and the Lorentzian stress tensor T satisfy the equation

TEττ = Ttt; so up to a (possibly in�nite) normalization constant Z, we have

ρR =
1

Z
exp

[
−2π

∫ ∞

0
dxxTtt

]
. (2.29)

Repeating the same procedure for ρL gives

ρL =
1

Z
exp

[
−2π

∫ 0

−∞
dxxTtt

]
, (2.30)

with the same normalization constant due to the symmetry of the problem. These formulas,

plugged into equation (2.24), give the modular Hamiltonian

KΩ = 2π

∫ ∞

−∞
dxxTtt. (2.31)

This is exactly the operator that generates the boosts shown in �gure 4b, which are future-

directed in the right Rindler wedge and past-directed in the left Rindler wedge. Thus the

Minkowski vacuum is thermal with respect to boosts, which is a precise statement of the

Unruh e�ect.
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While we will not discuss it any more in this mini-course, it is possible to prove rig-

orously that the modular Hamiltonian of the vacuum generates boosts, as was done by

Bisognano and Wichmann in [20, 21]. The idea is to use the observation that for any

cyclic-separating state |Ψ⟩ for a von Neumann algebra A, the modular �ow eiKΨs satis�es

a property known as the KMS condition, which is a statement about the analytic structure

of the correlation function

F (s) = ⟨Ψ|eiKΨsae−iKΨsb|Ψ⟩, a, b ∈ A. (2.32)

We will not give an explicit statement of the KMS condition here, though see [12] for a

recent treatment; it is enough to know that the KMS condition is a statement about when

the above function admits an analytic continuation in s. A theorem due to Takesaki [16,

theorem 1.2] states that the KMS condition uniquely determines the modular Hamiltonian,

as the modular Hamiltonian is the only Hermitian operator for which all unitarily-evolved

correlation functions have KMS analytic structure. Bisognano and Wichmann used the

Wightman axioms to show that in the vacuum state, all boost-evolved two-point functions

in a Rindler wedge have KMS analytic structure, which implies that the boost is the modular

Hamiltonian for the vacuum state in the Rindler wedge.

3 Lecture 2: Relative entropy and the ANEC

3.1 History of the ANEC

General relativity is the classical theory of Einstein's equation:

Rµν −
1

2
Rgµν = 8πTµν . (3.1)

This is a nonlinear PDE by which a spacetime metric gµν is determined from a source

stress-energy tensor Tµν . While a tensor Tµν satisfying the above equation exists for any

metric gµν , not every spacetime can be sourced by a stress-energy tensor that comes from

physically reasonable matter. Understanding the features of �physically reasonable� stress-

energy tensors is therefore essential for understanding the geometric features of physically

reasonable spacetimes.

There is a long history in general relativity of imposing very general energy conditions

on Tµν , and studying the consequences for solutions of Einstein's equations. The simplest

and most general of these is the null energy condition (NEC), which requires that for any

null vector kµ, We have

Tµνk
µkν ≥ 0. (NEC) (3.2)

This energy condition is satis�ed by nearly every classical �eld theory that one would like to

consider; to be precise, in a classical �eld theory, Tµν is a functional of �eld con�gurations,

and for a large class of physically motivated theories, the NEC is satis�ed for �eld con�g-

urations that solve the classical equations of motion. Amazingly, the NEC is su�cient to

prove many general constraints on physical spacetimes sourced by NEC-satisfying matter.

For example, the NEC is an important ingredient in the proofs of the singularity theorems
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[24, 25], the area theorem [26], topological censorship [27], and the dynamical �rst law of

black hole mechanics [28].

There is, however, a problem. While classical �eld theories typically satisfy the null

energy condition, quantum �eld theories do not. Indeed, it can be shown that in any

quantum �eld theory in Minkowski spacetime, for any point x and any null vector kµ at

x, there exist states in the vacuum sector for which the one-point function of Tµνk
µkν is

negative at x [29]. This fact is essential to Hawking's derivation of black hole radiance [30]

� if quantum e�ects can cause a black hole to evaporate, then they must be able to violate

the NEC, since black hole area cannot decrease if the NEC is satis�ed.

What do we make of this? Our universe has quantum �elds, and these �elds have a

stress-energy, so they must make a contribution to our spacetime structure via Einstein's

equations. If these quantum �elds can violate the NEC, do we have to throw away all of

the general theorems that have been proved about spacetimes satisfying the NEC? Do they

say anything about our universe at all?

In trying to answer this question, several authors [31�34] discovered that for many

applications to general relativity, the NEC is a stronger assumption than one actually

needs. Many theorems can be proved from the averaged null energy condition (ANEC),

which states that for any complete null geodesic γ with tangent vector ka, we should have∫
γ
Tµνk

µkν ≥ 0. (3.3)

This observation led relativists to start asking whether the ANEC might be satis�ed at the

quantum level in general curved spacetimes. The answer to this question is no [35, 36], as

one can explicitly construct quantum �eld theory states in conformally �at spacetimes for

which the one-point function of the ANEC operator is negative.4 Several authors [37, 38]

have speculated about a further re�nement, the self-consistent achronal averaged null energy

condition (SCAANEC), which has no known counterexamples and su�ces to prove many

of the fundamental theorems about general relativity. The SCAANEC remains an area of

active research.

Even if the ANEC is not true at the quantum level in general curved spacetimes, one

can ask if it holds in certain special spacetimes, or in certain special states. At the simplest

level, one might ask: does the ANEC hold for quantum �elds in Minkowski spacetime? The

answer to this question appears to be yes. While a rigorous proof has not been produced,5

compelling arguments for the ANEC in Minkowski spacetime have been produced in two

4In fact, there is a simpler example in which the one-point function of the ANEC operator is negative,

which is a two-dimensional cylinder in the vacuum state of a conformal �eld theory; this occurs due to

the negative Casimir energy of the vacuum. But this case is a bit pathological because a complete null

geodesic on a two-dimensional cylinder is chronal, meaning it can send timelike signals to itself; a slight

generalization of the ANEC called the �achronal averaged null energy condition� (AANEC) rules out this

counterexample, but not the one from [35, 36].
5Some promising steps have been made toward a rigorous proof of the ANEC in [39�41], via an observed

connection with older work on so-called half-sided modular inclusions [42, 43]. Basically, one can show that

for any smearing function on a Rindler horizon, there is a positive operator whose commutator with boosts

is of the same algebraic form as the commutator of the corresponding smeared ANEC operator. In my

view, more must be done to show rigorously that this operator is the smeared ANEC operator, and not just
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⊗ y⃗

x+x−

Figure 5: Light-cone coordinates x+ and x− together with transverse, �internal� directions

labeled by y⃗.

separate arguments using ideas from the bootstrap [44] and ideas from the algebraic ap-

proach [1]. These general arguments follow a long history of more rigorous arguments for

the ANEC in special cases [45�47].

The original motivation for studying the ANEC came from general relativity; from this

perspective, the question of whether the ANEC holds in Minkowski spacetime seems to

be largely academic. A signi�cant departure from this perspective was made in [48], in

which Hofman and Maldacena showed that the positivity of the ANEC operator in certain

states can be used to prove general constraints on the structure of conformal �eld theories.

This philosophy has been used in e.g. [49�51] to show that many interesting structural

statements about quantum �eld theory are implied by positivity of the ANEC operator in

Minkowski spacetime. Generalizations of the ANEC operator known as light-ray operators

have been used for similar purposes [52�54].

In the rest of this lecture, we will explore the algebraic argument for the ANEC given

in [1]. The actual argument involves many technical tricks and heuristic manipulations

of formal expressions, so I do not think it is pedagogically useful to explain the paper in

detail � especially because I expect that the calculations of that paper will eventually be

superseded by a more streamlined, rigorous argument.6 We will content ourselves with

understanding the big-picture reasoning that motivates the calculation of [1], and what it

has to teach us about how we think about the ANEC.

3.2 The ANEC as a transformation, and relative entropy

In (d + 1)-dimensional Minkowski spacetime we can choose light-cone coordinates x+ and

x−, together with transverse coordinates y⃗ � see �gure 5. The �ANEC operator� is the

quantity

ANEC(y⃗) =

∫ ∞

−∞
dx+ T++(x+, x− = 0, y⃗). (3.4)

We would like to ask if this quantity has positive expectation value in every quantum �eld

theory state in Minkowski spacetime.

some other operator that satis�es the same algebraic relation with boosts. The work of [1], which is the

subject of the rest of this lecture, provides a compelling but non-rigorous argument for this identi�cation

using the path integral.
6See again footnote 5 for comments on rigor.
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x+ = x− = 0

x− = 0, x+ = γ(y⃗)

y⃗

Figure 6: A view of a Rindler horizon, x− = 0, together with the curves x+ = 0 and

x+ = γ(y⃗). The black dots represent matter operators; the commutator of a matter operator

with ANEC[γ] generates a push-forward of the matter operator along its null generator,

with the in�nitesimal magnitude of the push-forward given by the magnitude of the function

γ; cf. equation (3.7).

One useful way of thinking about the ANEC operator is in terms of the spacetime

transformation that it generates. Using the algebra of the stress tensor with matter �elds,

it is easy to see that for �elds on the null ray where ANEC(y⃗) is supported, the operator

ANEC(y⃗) generates a translation in the x+ direction. I.e., we have an equation like

[ANEC(y⃗1), ϕ(x+, x− = 0, y⃗2)] ∼ δ(y⃗1 − y⃗2)∂x+ϕ(x+, x− = 0, y⃗2). (3.5)

So what we are really asking is if this geometric transformation of �elds is positively gen-

erated.

It is a bit easier to handle all of these expressions if we let γ(y⃗) be a positive function

of y⃗, and de�ne the smeared ANEC operator ANEC[γ] by

ANEC[γ] =

∫ ∞

−∞
dx+ dy⃗ γ(y⃗)T++(x+, x− = 0, y⃗). (3.6)

Clearly ANEC(y⃗) is positive if and only if ANEC[γ] is positive for all positive γ. This

generates a slightly simpler physical transformation of �elds, which is

[ANEC[γ], ϕ(x+, x− = 0, y⃗)] ∼ γ(y⃗)∂x+ϕ(x+, x− = 0, y⃗). (3.7)

We can think of this transformation as pushing all �elds located on the Rindler horizon

forward along the horizon generators by an amount weighted by γ; see �gure 6. While this

transformation will generally act nonlocally for �elds that are not localized on the Rindler

horizon, causality implies that it must map operators in the Rindler wedge to operators

localized in one of the �null-deformed� Rindler wedges sketched in �gure 7. Let R be the

Rindler wedge and Rγ,s be the wedge obtained by �owing for parameter value s along the

vector �eld speci�ed by γ. In the algebraic language, �owing by ANEC[γ] with parameter

s generates a map from A(R) to A(Rγ,s).
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R

Rγ,s

Figure 7: A Rindler wedge R and the sub-wedge Rγ,s obtained by integrating the vector

�eld γ(y⃗) ∂
∂x+

by parameter s.

If ANEC[γ] has positive expectation value in the state |Ψ⟩, then that expectation value

must tell us something about how the state |Ψ⟩ responds in�nitesimally to the deformation

of the algebra A(R) towards the algebra A(Rγ,s). One productive way to try to prove the

ANEC is to guess what that something is. If we can show that the expectation value of the

ANEC operator can be interpreted in terms of something that is manifestly positive, then

we will have succeeded in proving the ANEC.

At this point, you could try a lot of di�erent guesses. I will tell you about the one

that worked. It has to do with an extremely natural quantity from the perspective of

the algebraic approach and information theory, which is called relative entropy. In �nite-

dimensional quantum information theory, the relative entropy of two density matrices ρ

and σ is

S(ρ∥σ) ≡ tr(ρ log ρ)− tr(ρ log σ). (3.8)

It is a quantum generalization of the Kullback-Leibler divergence of classical probability

theory. It is interpreted as a distinguishability measure; it is provably always positive, and

its magnitude is interpreted as telling you how �di�erent� ρ is from σ. There are of course

many notions of �distinguishability;� for more on the speci�c interpretation of distinguisha-

bility due to relative entropy, see [55]. One thing that is useful to know is that the relative

entropy is an extremely sensitive measure of distinguishability; in fact, if ρ and σ are both

pure and inequal, then the relative entropy between them is in�nite.

One key feature of the relative entropy � and one that validates its interpretation as

a measure of distinguishability � is that it is nonincreasing under partial trace. If AB is

a bipartite system carrying density matrices ρAB and σAB, and ρA and σA are the reduced

density matrices on system A, then we have

S(ρAB∥σAB) ≥ S(ρA∥ρB) (3.9)

This is called the monotonicity of relative entropy; it was �rst proved in [56].
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L

Lγ,s

Figure 8: For the left Rindler wedge L, deforming by ANEC[γ] for parameter s causes L
to expand to a larger region Lγ,s.

Since we will ultimately be thinking about relative entropy in quantum �eld theory, it

is interesting to know that relative entropy can be de�ned rigorously for systems that do

not admit density matrices. This construction is due to Araki [57]. For two states |Ψ⟩ and
|Φ⟩ on a Hilbert space that are cyclic and separating for a von Neumann algebra A, there

is a rigorous procedure that can be used to de�ne a quantity SA(|Ψ⟩∥|Φ⟩) that reduces to
equation (3.8) when it is possible to de�ne density matrices for the subsystem described

by the algebra A. For nested von Neumann algebras A ⊆ AB, a monotonicity relationship

like (3.9) holds. For details on this construction, see [6].

Let us now return to the Rindler wedge R and the sub-wedge Rγ,s sketched in �gure 7.

For any pair of states |Ψ1⟩ and |Ψ2⟩, our ability to distinguish these states given access to

Rγ,s is weaker than our ability to distinguish these states given access to R. If we choose a
simple reference state � for example, the vacuum |Ω⟩ � then we should have the inequality

SR(|Ψ⟩∥|Ω⟩) ≥ SRγ,s(|Ψ⟩∥|Ω⟩). (3.10)

In�nitesimally, this gives us the identity

∂sSRγ,s(|Ψ⟩∥|Ω⟩)|s=0 ≤ 0. (3.11)

From the perspective of information theory, this is an extremely natural quantity associated

with the transformation that takes R to Rγ,s; it is the in�nitesimal change in distinguisha-

bility between |Ψ⟩ and the vacuum as we erase a little bit of the Rindler wedge R. Does it

have anything to do with the ANEC operator ANEC[γ]?

The answer is yes, it does; but the connection is not immediate. The reason for this

is that the ANEC operator does not just transform R to Rγ,s, it also transforms the

complementary wedge L to a larger wedge that we might call Lγ,s; see �gure 8; We also

have the identity

∂sSLγ,s(|Ψ⟩∥|Ω⟩)|s=0 ≥ 0. (3.12)
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The quantity we will study is the sign-summed combination of these two derivatives:

∂s
[
SLγ,s(|Ψ⟩∥|Ω⟩)− SRγ,s(|Ψ⟩∥|Ω⟩)

]
|s=0 ≥ 0. (3.13)

The key contribution of [1] was to argue that the LHS of the above equation is proportional

to the expectation value of ANEC[γ] in the state |Ψ⟩.
If we write everything in terms of density matrices, the LHS of equation (3.13) can be

simpli�ed to7

∂s⟨Ψ|
(
− log ΩLγ,s + logΩRγ,s

)
|Ψ⟩|s=0 ≥ 0. (3.14)

This is the derivative of the expectation value in |Ψ⟩ of what we called, in lecture one, the

full modular Hamiltonian of |Ω⟩ with respect to the subsystem Lsγ .We may rewrite this as

∂s⟨Ψ|KΩ,Lγ,s |Ψ⟩|s=0 ≥ 0. (3.15)

Indeed, one can show that full modular Hamiltonians for nested algebras always satisfy an

operator monotonicity relation that reproduces this equation; for a rigorous proof of this

fact that makes no reference to density matrices, see e.g. [6].

3.3 The algebraic argument for the ANEC

In the previous subsection, we saw that we could prove the ANEC if we could argue for the

identity

∂sKΩ,Lγ,s |s=0 ∝ ANEC[γ]. (3.16)

For s = 0, we already know what the modular Hamiltonian KΩ,L is; we computed it in

lecture one as the appropriately normalized boost operator that is future-directed in the

Rindler wedge L. So to compute the derivative in the above equation, we just need to

understand the modular Hamiltonian KΩ,Lγ,s perturbatively to �rst order in s.While there

has not yet been produced a rigorous computation of this operator8 along the lines of

the Bisognano-Wichmann computation [20, 21] of the modular Hamiltonian for L, in [1]

Faulkner, Leigh, Parrikar, and Wang performed a path integral manipulation that gives

compelling evidence for the following form:

KΩ,Lγ,s = −2π

∫
dx+ dy⃗ (x+ − sγ(y⃗))T++(x+, x− = 0, y⃗) +O(s2). (3.17)

In the limit s→ 0, this can be seen to reproduce the boost generator from equation (2.31),

after we switch the roles of L and R and use conservation of stress-energy to rewrite the

boost generator as an integral over the surface x− = 0. If we trust equation (3.17), then it

is easy to see

∂sKΩ,Lγ,s |s=0 = 2πANEC[γ], (3.18)

so from equation (3.17), the ANEC follows.

7This uses the purity relation tr(χA logχA) = tr(χB logχB) for a state χ that is pure on the system AB.
8See again footnote 5 for comments on rigor.
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Σ0

Σγ,s

Figure 9: A cross-section Σγ,s of the null-expanded Rindler wedge Lγ,s.

The argument for equation (3.17) is very much along the lines of the path-integral

argument for the s = 0 case given in lecture one. If we interpret equation (3.17) in terms

of density matrices, then we see what we are trying to prove is

− log ΩLγ,s = const− 2π

∫
x+≤sγ(y⃗)

dx+ dy⃗ (x+− sγ(y⃗))T++(x+, x− = 0, y⃗)+O(s2). (3.19)

If we can show this, then the full equation will follow from a symmetric argument.

We can think of the density matrix ΩLγ,s as an operator whose matrix elements are

determined by �eld con�gurations on the surface Σγ,s sketched in �gure 9. For two �eld

con�gurations φ1 and φ2 on this surface, we would like to understand the matrix element

⟨φ2|ΩLγ,s |φ1⟩. (3.20)

This is computed by a path integral over a complex metric g; there is a Euclidean piece

that prepares the ground state, then a Lorentzian piece that evolves from Σ0 to Σγ,s. The

complex manifold over which the path integral is performed is sketched in �gure 10. By

picking a di�eomorphism that maps this complex manifold to Euclidean space, we can

express matrix elements of ΩLγ,s in terms of matrix elements of ΩL.
To be very concrete, let us denote the complex manifold by M with metric g. We will

be mapping to the Euclidean manifold Rd+1 with standard �at metric η. The path integral

we want to compute is

⟨φ2|ΩLγ,s |φ1⟩ =
1

Z

∫ ϕ|Σsγ,−=φ2

ϕ|Σsγ,+=φ1

DM,gϕe
IM,g [ϕ], (3.21)

where I is the appropriate complexi�ed action. Given a di�eomorphism ψ : M → Rd+1,

this path integral is identically equal to

⟨φ2|ΩLγ,s |φ1⟩ =
1

Z

∫ ϕ|Σ0,−=φ2◦ψ−1

ϕ|Σ0,+
=φ1◦ψ−1

DRd+1,ψ∗gϕe
IRd+1,ψ∗g [ϕ]. (3.22)
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φ2

φ1

Figure 10: The complex manifold for which the path integral computes the matrix element

⟨φ2|ΩLγ,s |φ1⟩. The ��at� portion of the manifold represents the Euclidean space Rd+1 that

prepares the ground state; the �raised� or �sewn-in� portion represents the Lorentzian piece

that evolves ΩL to ΩLγ,s . The y⃗ directions are not drawn; there are wiggles in these

directions on the raised, sewn-in piece of the manifold.

If we are judicious in our s-dependent choice of di�eomorphism ψ, we will be able to write

ψ∗g = η + s δη + O(s2). The linear response of the path integral measure to a change in

the metric is controlled by the stress tensor, and if you are su�ciently careful about minus

signs and factors of i, you will �nd that the resulting expression is

⟨φ2|ΩLγ,s |φ1⟩ =
1

Z

∫ ϕ|Σ0,−=φ2◦ψ−1

ϕ|Σ0,+
=φ1◦ψ−1

DRd+1,ηϕe
IRd+1,η

[ϕ]
(
1− s

i

2

∫
dd+1xT (η)

µν δη
µν +O(s2)

)
.

(3.23)

To construct our family of di�eomorphisms ψ, we recall from �gure 10 that M consists

of a Euclidean piece that produces the vacuum state, together with a �sewn in� piece that

has a Lorentzian metric. We will construct ψ by choosing a vector �eld Xµ that vanishes

away from a neighborhood of this �sewn in� piece, and that compresses the sewn-in piece into

the �at manifold Rd+1 after integrating by parameter s; the di�eomorphism ψ is obtained

by integrating this vector �eld. For small s, we may choose

Xµ = F (τ, x, y⃗)

[
−γ(y⃗)

[(
∂

∂τ

)µ
+

(
∂

∂x

)µ]
+O(s)

]
, (3.24)

where F is a function that equals one in a neighborhood of the piece that was sewn in, and

vanishes away from a neighborhood of that piece. See �gure 11. From this, we have

δηµν = ∂µXν + ∂νXµ. (3.25)

Plugging this into our above expression and exploiting the symmetry and conservation of

the stress tensor gives

⟨φ2|ΩLγ,s |φ1⟩ =
1

Z

∫ ϕ|Σ0,−=φ2◦ψ−1

ϕ|Σ0,+
=φ1◦ψ−1

DRd+1,ηϕe
IRd+1,η

[ϕ]
(
1− is

∫
dd+1xT (η)

µν ∂
µXν +O(s2)

)
.

(3.26)

The rest of the argument is very subtle, and entails a detailed manipulation of equation

(3.26) that is both technical and heuristic. Essentially, the right-hand side of equation

(3.26) is interpreted as computing matrix elements of some complicated operator Wγ,s on

the Hilbert space of �eld con�gurations on Σγ,0:

⟨φ2|Ωγ,s|φ1⟩ = ⟨φ2 ◦ ψ−1|Wγ,s|φ1 ◦ ψ−1⟩. (3.27)
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φ1

Figure 11: A vector �eld Xµ that, when integrated, compresses away the �sewn-in� piece

of the manifold from �gure 10.

Considering the di�eomorphism ψ as a unitary map that exchanges the Hilbert space of

�eld con�gurations on Σγ,s for the Hilbert space of �eld con�gurations on Σγ,0, one obtains

the following expression for the logarithm:

⟨φ2| log Ωγ,s|φ1⟩ = ⟨φ2 ◦ ψ−1| logWγ,s|φ1 ◦ ψ−1⟩. (3.28)

At this point, one observes that the operator Wγ,s is related to the Rindler density matrix

ΩL by

Wγ,s =
1

Z ′

[
ΩL − isT

{
ΩL

∫
dd+1xT ηµν∂

µXν

}
+O(s2)

]
, (3.29)

where T denotes an angle-ordered product. This is a somewhat �shy expression, as there

are subtleties involved in interpreting an angle-ordered product as an operator acting on

a Hilbert space, rather than as a formal expression that makes sense within correlation

functions. If however you trudge ahead and interpret it as an operator, then you can plug

it into the integral identity9

log(A+ sB) = logA− s lim
ϵ→0+

∫ ∞

−∞
dλ

1

4 sinh
(
λ+iϵ
2

)2Aiλ/2πA−1BA−iλ/2π +O(s2). (3.30)

The operator �A� in this expression will be the vacuum density matrix ΩL0 , so the terms

A±iλ/2π will implement geometric boosts. The operator �B� in this expression will be some

complicated time-ordered product of boosts and stress tensor insertions. In [1], formal

manipulations of this expression showed that

(i) Consistent treatment of the path integral near the bifurcation surface τ = x = 0

requires introducing an ultraviolet cuto� in the path integral; they choose to excise a

small portion of the Euclidean manifold around the bifurcation surface.

(ii) Contributions to the stress-tensor integral away from the cuto� surface cancel with

the contribution to equation (3.28) coming from the change in boundary conditions

due to the di�eomorphism ψ.

(iii) A boundary term localized on the cuto� surface does not vanish, and the integral over

boosts in equation (3.30) ends up smearing this contribution over a boost trajectory

whose distance from x = τ = 0 is set by the cuto� scale.

9See [58, section 2] for a clear derivation of this identity and a signi�cant generalization of the main

calculation performed in [1].
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(iv) In the limit as the cuto� is removed, the �boost-smeared� stress-tensor term limits to

the appropriate half-ANEC operator needed to reproduce equation (3.17).

4 Lecture 3: Semiclassical black holes

4.1 Semiclassical black hole entropy

For this lecture we will switch gears and talk about a very recent development in high

energy physics coming from the algebraic approach. This is a development that has to do

with understanding the entropy of black holes in semiclassical quantum gravity. The main

relevant papers are [3�5]. Some other relevant work includes [59�63].

It was realized in the 1970s that classical black holes in general relativity obey laws that

are very similar to the thermodynamic laws satis�ed by �nite-temperature matter systems

[64, 65], provided that one interprets area as entropy, mass as energy, and surface gravity

as temperature. Thanks to the pioneering work of Boltzmann [66] and Gibbs [67], it is

known that the laws of thermodynamics for ordinary matter systems can be reproduced

from an underlying statistical description of a many-body system with a large number of

microstates. This led to a great deal of speculation about the quantum nature of black holes

� are the laws of black hole mechanics also derivable from statistical mechanics? Does the

area of a black hole's event horizon measure the �ne-grained entropy of an underlying

ensemble of states in quantum gravity?

With the advent of D-brane physics, this question was answered positively for certain

classes of black holes in string theory; see e.g. [68�72]. These papers constructed large

families of string theory microstates consistent with macroscopic black hole parameters,

and showed that in an appropriate semiclassical limit, the number of microstates scales

like the exponential of the black hole area in Planck units. Other work using holographic

theories of quantum gravity has established that similar behavior can be found without

needing to invoke string theory explicitly [73�76].

There is an interesting gap in the literature we have described so far. We have described

the �thermodynamic� laws of black holes, and we have described the �quantum statistical

mechanical� microstate counting of certain black holes in string theory. But the Boltzmann-

Gibbs theory of statistical mechanics, which reproduced the empirical laws of thermody-

namics, was not quantum! Boltzmann and Gibbs never actually counted microstates of

thermodynamic systems, since the number of classical microstates of any thermodynamic

system is in�nite. Instead, they de�ned ratios of numbers of microstates � they came

up with a way to make statements like �there are N times as many classical microstates

for con�guration A as for con�guration B,� and inferred that system A was statistically

preferred to system B, even though the number of microstates consistent with each con�g-

uration was formally in�nite. The desire to resolve these in�nities then became one of the

main motivations for the development of quantum mechanics.

The question we now ask is: does the entropy of semiclassical black holes admit a

well de�ned �relative� description � like the description of black hole entropy in classical

statistical mechanics � without reference to a speci�c theory of quantum gravity such as

string theory? Such a description is obviously desirable because (i) it would apply to every
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semiclassical black hole, not just those that can be explicitly constructed in string theory,

and (ii) it would provide helpful guideposts for further development of microscopic quantum

gravity.

The algebraic approach is extremely well suited for posing and answering this question.

What we are really asking is: can the entropy of a black hole be interpreted as a measure

of the information available to semiclassical observables? The semiclassical observables in

the vicinity of a black hole form an algebra, and what we are really asking is, �is there a

consistent and useful way to talk about entropy in reference to this algebra?� The answer

is yes.

4.2 Traces, types, and entropy

A major development in our understanding of semiclassical black hole entropy was made

by Witten in [3]. The main idea � inspired by earlier investigations in [77] � was to

temporarily throw away physical interpretation, and begin with a mathematical declaration:

an entropy is a quantity of the form

− tr(ρ log ρ). (4.1)

So in order to be able to de�ne an entropy for a system, we need two things: a trace

operation tr, and a density matrix ρ. Let us be a little more explicit. Suppose we have a

von Neumann algebra A of operators acting on a Hilbert space H, and a state |Ψ⟩ on that

Hilbert space. The Hilbert space comes with a natural trace operation on A. We say that

there is a density matrix for |Ψ⟩ if there is a positive operator ρ ∈ A with

tr(ρa) = ⟨Ψ|a|Ψ⟩, a ∈ A. (4.2)

The entropy of the state |Ψ⟩ in the subsystem described by the algebra A is then de�ned

by − tr(ρ log ρ).

It is well known � see e.g. [78] � that for the von Neumann algebras describing

subregions in quantum �eld theory, there are no density matrices for any state. In fact,

for a spacetime region O, there are generally no operators in A(O) with �nite trace! This

means there can be no density matrices in A(O), since these would need to have tr(ρ) = 1.

One might imagine, however, that it is possible to de�ne a functional τ on the algebra A(O)

that plays a similar role to the Hilbert space trace, and then to de�ne density matrices and

entropies with respect to this �modi�ed� trace. This idea is at the core of the mathematical

type classi�cation of von Neumann algebras [79�82], where von Neumann algebras are

classi�ed by whether or not it is possible to de�ne a modi�ed trace, and by the properties

of the modi�ed trace functional. In the context of physics, a key step forward was made

when Witten in [3] suggested that the modi�ed traces that show up in the type classi�cation

of von Neumann algebras could be interpreted in terms of physical renormalization schemes;

this perspective was then fully developed in [7].

The technical de�nition of a �modi�ed trace� � which we will now start to call a

�renormalized trace� � is given below.
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De�nition 4.1. Given a von Neumann algebra A on the Hilbert space H, we denote by

A+ the space of positive operators. A trace is a map τ : A+ → [0,∞] satisfying linearity:

τ(λ(a+ b)) = λτ(a) + λτ(b) a, b ∈ A+, λ ≥ 0 (4.3)

and unitary invariance:

τ(UaU †) = τ(a), a ∈ A+, U ∈ A unitary. (4.4)

τ is a renormalized trace if it satis�es the following three natural physical properties:

� Faithful: If τ(a) vanishes then a vanishes.

� Normal: If a1 ≤ a2 ≤ · · · ≤ a is a sequence of positive operators in A+ with an → a,

then we have τ(an) → τ(a). (This is just a version of continuity that works for

functionals that can take the value in�nity.)

� Semi�nite: The set of operators a ∈ A with τ(|a|) <∞ is dense in A in an appropriate

topology.

Remark 4.2. From this de�nition, it is possible to show many useful properties of renor-

malized traces; see for example [7, appendix B]. The most important property is that the

space of operators in A with τ(|a|) <∞ forms a subspace of A on which τ can be de�ned

consistently as a linear, cyclic functional. In fact, this subspace is an ideal, meaning if you

take an operator a with τ(|a|) < ∞, then for any b ∈ A, we also have τ(|ab|) < ∞ and

τ(|ba|) < ∞. A density matrix ρ is simply a positive member of this ideal with τ(ρ) = 1;

because of the ideal property, all expectation values τ(ρa) are well de�ned for any a ∈ A.

The concept of a renormalized trace is used to classify von Neumann algebras into

types. For details, see [7]. The basic idea is �rst to show that every von Neumann algebra

can be decomposed into a direct sum of �factors� � these are the algebras that typically

show up in physics, and they are de�ned by the property that the only elements of A that

commute with everything in A are the multiples of the identity. One then shows that on a

factor, if a renormalized trace exists, it is ambiguous only up to an overall scale; in other

words, on a factor A, any two renormalized traces τ1 and τ2 must satisfy τ1 = cτ2 for some

positive constant c. The classi�cation of factors is then as follows.

De�nition 4.3. � A factor A is of type III if it admits no renormalized trace.

� A factor A is of type II if it admits a unique one-parameter family of renormalized

traces, and if the traces of nonzero projectors in A can be arbitrarily close to zero.

� A factor A is of type I if it admits a unique one-parameter family of renormalized

traces, and if the traces of nonzero projectors in A have a minimal value.

Type III factors are ones for which no renormalized entropy can be de�ned. Type I

factors are ones for which a renormalized entropy can be de�ned, and for which there are

�pure states� � minimal projection operators with respect to the trace � that can be used
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to canonically normalize the trace. Type II factors are ones for which a renormalized entropy

can be de�ned, but for which the trace cannot be canonically normalized. In type II factors,

the lingering multiplicative ambiguity in the trace leads to an additive ambiguity in the

entropy −τ(ρ log ρ). This is analogous to the situation in classical statistical mechanics; we

will now see that this mathematical structure arises naturally in the context of semiclassical

black holes.

4.3 The crossed product

It is generally expected, thanks to the work of [78], that in quantum �eld theory local �eld

algebras are of type III. This means that density matrices and entropies cannot be de�ned

even in a renormalized way. In [3], Witten proposed that coupling gravity to quantum �eld

theory in the vicinity of a black hole leads to an algebra of observables that is type II,

meaning that for semiclassical gravity, entropies of states are well de�ned up to an additive

ambiguity � consequently, entropy di�erences can be unambiguously de�ned as in classical

statistical mechanics. In [4] (see also [62]), it was shown that the entropy di�erences so-

de�ned are consistent with the Bekenstein-Hawking formula for semiclassical black hole

entropy.

The key tool is a mathematical construction that was developed by Takesaki in [83]

in an e�ort to understand the mathematical properties of type III von Neumann algebras.

This is called the crossed product ; it nicely incorporates both the type structure we have

discussed in this lecture so far, and the modular �ow that we discussed in lecture one. A

detailed, pedagogical explanation of the crossed product can be found in [62, appendix B].

Mathematically, the idea is very simple. Given a type III von Neumann algebra A
acting on the Hilbert space H, and given a cyclic-separating state |Ψ⟩ with modular Hamil-

tonian KΨ, Takesaki proposed enlarging A into an algebra that explicitly incorporates the

corresponding modular �ow. What he does is tack on an extra Hilbert space L2(R), and
de�ne a von Neumann algebra on H⊗ L2(R) with the following generating set:

A⋊KΨ ≡ ⟨a⊗ 1, ei(KΨ+p̂)s | a ∈ A, s ∈ R⟩. (4.5)

The operator ei(KΨ+p̂)s is interpreted as implementing modular �ow on elements of A,

but keeping track of the amount of modular �ow that has been performed by doing a

simultaneous translation of the auxiliary register L2(R). Takesaki showed that if A is of

type III, then A⋊KΨ is of type II.

So far this is an interesting piece of mathematical trivia, but it is not so easy to see

how it is connected to physics. The connection is provided by the commutation theorem

[84], which gives a unitarily equivalent description of the crossed product algebra as

A⋊KΨ
∼= ⟨ã ∈ A⊗ B(L2(R)) |[KΨ − x̂, ã] = 0⟩. (4.6)

So Takesaki's theorem has the following interpretation: if you take a type III algebra A,

enhance it by adding in all possibly operators on an auxiliary space L2(R), then restrict to

those operators that commute with KΨ + x̂, you get a type II algebra on which entropy

di�erence can be de�ned.
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This mathematical structure shows up very naturally in black hole physics. In classical

gravity, the exterior of a black hole carries a type III algebra of quantum �elds, AQFT, acting

on a Hilbert space HQFT. When gravity is quantized perturbatively, an additional Hilbert

space Hgrav is added of linearized metric excitations around the black hole background.

Within this Hilbert space is a subspace, Hmass, which describes excitations that only change

the mass of the black hole, without changing any of its other parameters. This Hilbert space

can be identi�ed with L2(R), since its elements are wavefunctions of mass �uctuation. The

equations of general relativity enforce a relationship between the state of the matter �elds

and the magnitude of the mass �uctuation; in a Schwarzschild black hole, this constraint is

M̂BH =

∫
exterior

Tµν

(
∂

∂t

)µ
dΣν , (4.7)

with t the Schwarzschild time coordinate. The naive observable algebra AQFT ⊗ B(Hmass)

does not know about this constraint � the physical operators are those that commute with

the operator
∫
exterior

Tµν
(
∂
∂t

)µ
dΣν − M̂BH. The algebra of physical operators in the black

hole exterior is therefore

Aphys =

〈
ã ∈ AQFT ⊗ B(Hmass) |

[∫
exterior

Tµν

(
∂

∂t

)µ
dΣν − M̂BH, ã

]
= 0

〉
. (4.8)

This is extremely similar to equation (4.6); the operator hatMBH on Hmass indeed plays

exactly the same role as the position operator on L2(R). The key di�erence is that in

equation (4.6) we had a modular Hamiltonian, while in equation (4.8) we have an integral

of the stress tensor. In fact, it is the integral of the stress tensor that generates Schwarzschild

time translations.

Hang on � that looks pretty familiar! In lecture lecture one we showed that the

Minkowski vacuum restricted to a Rindler wedge has as its modular Hamiltonian 2π times

the integral of the stress tensor that generates boosts in the Rindler wedge. Indeed, an

identical argument shows that the Hartle-Hawking state |ΨHH⟩ in the background of a

Schwarzschild black hole has, as its modular Hamiltonian, the integral

KΨHH
=

2π

κ

∫
exterior

Tµν

(
∂

∂t

)µ
dΣν , (4.9)

where κ is the surface gravity of the black hole. So we have

A⋊KΨHH

∼=
〈
ã ∈ AQFT ⊗ B(Hmass) |

[
2π

κ

∫
exterior

Tµν

(
∂

∂t

)µ
dΣν − M̂BH, ã

]
= 0

〉
.

(4.10)

We can clearly furnish an isomorphism between this algebra and Aphys by rescaling the

mass by 2π/κ; this shows that the algebra of physical operators in the black hole exterior,

Aphys, is of the type II kind that admits well de�ned di�erences in entropy.

In fact, the work of Takesaki [83] gives us way more. His paper not only shows that

the crossed product algebra is type II, but constructs an explicit formula for a renormalized

trace on the crossed product. If you look at his formula and translate it into our language,

you �nd that one member of the family of renormalized traces on Aphys is given by

τ(ã) = (⟨Ψ|HH ⊗ ⟨0|p) e
κ
4π
M̂BH ãe

κ
4π
M̂BH (|Ψ⟩HH ⊗ |0⟩p) . (4.11)
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In this expression, |0⟩p is the unnormalizable momentum eigenstate for the �momentum�

variable conjugate to M̂BH on Hmass. This is a cool expression, because it is simple enough

to be manipulated by anyone who knows single particle quantum mechanics. For a semi-

classical state of the black hole |Φ⟩QFT ⊗ |f⟩mass, one can seek a corresponding density

matrix ρΦ,f satisfying the identity

τ(ρΦ,f ã) = (⟨Φ|QFT ⊗ ⟨f |mass) ã (|Φ⟩QFT ⊗ |f⟩mass) . (4.12)

for every ã ∈ Aphys. An expression for ρΦ,f in a certain approximation was found in [4],

and a complete formula was produced in [62]. These papers then computed the entropy

−τ(ρΦ,f log ρΦ,f ) in an approximation where the wavefunction f is slowly varying � this ap-

proximation was then rigorously justi�ed in [85] � and obtained a completely well de�ned,

UV-�nite formula

S(ρΦ,f ) = −SA(ΦQFT∥ΨHH) +
κ

2π
⟨M̂BH⟩fmass −

∫ ∞

−∞
dx|f(x)|2 log |f(x)|2 + const. (4.13)

The overall constant term cannot be removed, because it is related to the scaling ambiguity

in the de�nition of τ . Note that this expression includes the relative entropy, which we

explored in our study of the ANEC in lecture two.

Because the additive ambiguity in the entropy formula is state-independent, the formula

su�ces to compute entropy di�erences. It was shown in [4, 62, 86] that if this UV-�nite for-

mula is regulated in a natural way, then the gravitational equations of motion enforce that

the entropy can be interpreted as the area of the black hole in Planck units, plus a matter

entropy, plus a state-independent constant. This observation is the source of considerable

excitement around the algebraic approach to understanding black hole entropy � the rig-

orously well de�ned UV-�nite entropy di�erences in semiclassical black hole backgrounds is

consistent with the Bekenstein-Hawking prediction for the entropy of a semiclassical black

hole.

4.4 A preliminary interpretation

We will �nish this lecture with a quick discussion of the recent results of [5]. So far, our

approach to thinking about the entropy of semiclassical black holes has been purely formal

� we sought to de�ne an expression −τ(ρ log ρ) that looks like an entropy, found that the

answer was uniquely determined up to an additive constant, and then discovered, quite

miraculously, that the answer is consistent with the Bekenstein-Hawking entropy formula.

But what right do we have to interpret −τ(ρ log ρ) as an entropy? Does it have a state-

counting interpretation like the entropy in statistical mechanics?

First, let us think for a moment about entropy in classical statistical mechanics. For

any probability distribution p(λ) on phase space, the entropy

S = −
∫
dλ p(λ) log p(λ) (4.14)

is well de�ned up to the additive constant coming from the necessity of choosing units

on phase space. But not every probability distribution has the property that the entropy
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can be interpreted as counting microstates. The distributions for which the entropy has

a microstate interpretation are the microcanonical distributions, where p(λ) is uniform

on a subset of phase space. In other settings, the entropy might have an approximate

interpretation in terms of counting states � this underlies the �smooth entropies� de�ned

in quantum information theory [87, 88] � but the microcanonical ensembles are the ones

for which the connection between entropy and microstates is most clear.

So what about the type II entropy −τ(ρ log ρ)? First, what does it mean for ρ to

represent a microcanonical ensemble of black hole states? Second, can the type II entropy

di�erence of microcanonical ensembles be interpreted as a relative microstate count?

These questions were answered in [5]. Remember that ρ must be a positive operator in

AQFT⊗B(Hmass) that is invariant under the action of κ
2πKΨ − M̂BH. The density matrices

that represent canonical ensembles of black hole microstates are ones of the form

ρ ∝ 1QFT ⊗ Pmass, (4.15)

where P is a projection operator onto a compact window of black hole masses. It is easy to

verify that this operator is in the physical algebra, and that it has �nite renormalized trace.

In [5], we used techniques from the mathematical theory of operator algebras to show the

following.

Theorem 4.4. Let ρ and σ be two density matrices in Aphys representing microcanonical

ensembles of black hole mass. Let Hρ and Hσ be the subspace of Hilbert space on which ρ

and σ are supported, respectively.

Suppose without loss of generality ∆S ≡ S(ρ)−S(σ) ≥ 0. Then for any integer n ≥ e∆S,

Hρ can be embedded into Hσ⊗Cn using unitary operators in Aphys; for any integer n < e∆S ,

no such embedding exists.

The way we should think of this theorem is as telling us that ∆S gives the extra number

of degrees of freedom that are needed to get from the portion of Hilbert space where σ is

supported to the portion of Hilbert space where ρ is supported. While both of these Hilbert

spaces are in�nite, the notion of the relative size of Hρ as compared to Hσ is well de�ned

in terms of the above theorem. This is the sense in which the type II entropy di�erence

computes a relative microstate count for semiclassical black holes.
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Figure 12: Given �eld con�gurations φ1 and φ2, we map φ2 to the slice Σθ in a natural

way, and use the resulting path integral to de�ne the matrix elements of an operator Wθ.

A Angular slicing of the path integral

Here we give a simple derivation of the statement that the matrix elements de�ned by �gure

3b are matrix elements of the expression

exp

[
−2π

∫ ∞

0
dxxxTEττ

]
, (A.1)

with TE the Euclidean stress-energy tensor and τ the Euclidean time coordinate.

Let Σθ denote the codimension-1 surface in Euclidean space de�ned by the equations

τ =
√
τ2 + x2 sin θ, (A.2)

x =
√
τ2 + x2 cos θ. (A.3)

Since slices of constant θ can be mapped to one another by a preferred rotation symmetry,

it is easy to identify the �eld con�guration φ on the surface Σθ1 with the �eld con�guration

φ◦Rθ1−θ2 on Σθ2 . Given two �eld con�gurations φ1 and φ2 on Σ0, it is therefore natural to

consider the �wedge� path integral shown in �gure 12; this is the path integral over over a

portion of Euclidean space with angular extent θ, with φ1 the �bottom� boundary condition

and φ2 ◦R−θ the �top� boundary condition. We will call the outcome of this path integral

⟨φ2|Wθ|φ1⟩, and take this to de�ne the operator Wθ; the quantity we want to compute is

⟨φ2|W2π|φ1⟩. We will get there by computing its θ derivative; if we can show that the θ

derivative satis�es

∂θ⟨φ2|Wθ|φ1⟩ = −⟨φ2|KθWθ|φ1⟩, (A.4)

with Kθ de�ned in equation (2.26), then the discussion immediately following that equation

leads to our desired result.

For any θ1 and θ2 with θ1 < θ2, we can get a di�eomorphism that maps the θ2 wedge to

the θ1 wedge by choosing a function f(θ) that is zero at θ = 0 and one in θ1 ≤ θ ≤ θ2, then

integrating the vector �eld −f(θ) ∂∂θ from zero to θ2 − θ1. Call this di�eomorphism ψf,θ2,θ1 .

Any path integral over �eld con�gurations on a wedge of width θ2 can be expressed as a

path integral over �eld con�gurations on a wedge of width θ1, provided we transform both

the �elds and the metric by ψf,θ2,θ1 . Concretely if ηµν is the Minkowski metric and Dg[ϕ]
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is the path integral measure with respect to the metric g, we have

⟨φ2|Wθ2 |φ1⟩ =
∫ ϕ(θ=θ2)=φ2◦R−θ2

ϕ(θ=0)=φ1

Dη[ϕ]e
−SEη [ϕ]

=

∫ ϕ(θ=θ2)=φ2◦R−θ2

ϕ(θ=0)=φ1

Dψ∗
f,θ2,θ1

η[ϕ ◦ ψ−1
f,θ2,θ1

]e
−SE

ψ∗
f,θ2,θ1

η
[ϕ◦ψ−1

f,θ2,θ1
]

(A.5)

We can simply relabel our integration variable ϕ ◦ ψ−1
f,θ2,θ1

7→ ϕ, and we obtain

⟨φ2|Wθ2 |φ1⟩ =
∫ ϕ(θ=θ1)=φ2◦R−θ1

ϕ(θ=0)=φ1

Dψ∗
f,θ2,θ1

η[ϕ]e
−SE

ψ∗
f,θ2,θ1

η
[ϕ]
. (A.6)

So understanding the relationship between Wθ1 and Wθ2 is all about understanding how

the path integral measure and the action change under a small deformation of the metric.

For in�nitesimal transformations, this is what de�nes the stress-energy tensor. When we

take θ2 → θ1, denoting X
µ = f(θ)

(
∂
∂θ

)µ
, we get

(ψ∗
f,θ2,θ1η)µν ∼ ηµν + (θ2 − θ1)(∂µXν + ∂νXµ). (A.7)

Under a small change in the metric, we have

Dg+δg[ϕ]e
−SEg+δg [ϕ] ≡ Dg[ϕ]e

−SEg [ϕ]

(
1− 1

2

∫
dd+1x

√
|g|T abE δgab

)
(A.8)

From this, and our above expressions, we can easily compute

∂

∂θ1
⟨φ2|Wθ1 |φ1⟩ = −

∫ ϕ(θ=θ1)=φ2◦R−θ1

ϕ(θ=0)=φ1

Dη[ϕ]e
−SEη [ϕ]

∫
dd+1xTEµν∇µXν . (A.9)

This is essentially some rather complicated time-ordered, smeared one-point function of the

operator TEµν∇µXν . But because any time-ordered, smeared one-point function of the stress

tensor is divergenceless, we may integrate by parts and obtain

∂

∂θ1
⟨φ2|Wθ1 |φ1⟩ = −

∫ ϕ(θ=θ1)=φ2◦R−θ1

ϕ(θ=0)=φ1

Dη[ϕ]e
−SEη [ϕ]

(∫
Σθ1

TEµνX
µdΣν −

∫
Σ0

TEµνX
µdΣν

)
(A.10)

The vector �eld Xµ was chosen to vanish on Σ0 and be equal to ∂
∂θ on Σθ1 , so we have

∂

∂θ1
⟨φ2|Wθ1 |φ1⟩ = −

∫ ϕ(θ=θ1)=φ2◦R−θ1

ϕ(θ=0)=φ1

Dη[ϕ]e
−SEη [ϕ]

∫
Σθ1

TEµν

(
∂

∂θ1

)µ
dΣν

= −⟨φ2|
(∫

Σθ1

TEµν

(
∂

∂θ1

)µ
dΣν

)
Wθ1 |φ1⟩.

(A.11)

This clearly matches our desired equation (A.4) with Kθ de�ned as in equation (2.26) in

the main text.
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